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Abstract

This paper derives optimal income tax and human capital policies in a dynamic life cycle model
of labor supply and risky human capital formation. The wage is a function of both stochastic,
persistent, and exogenous “ability” and endogenous human capital. Human capital is acquired
throughout life through monetary expenses and training time. The government faces asymmetric
information regarding the initial ability of agents and the lifetime evolution of ability, as well as
the labor supply. The optimal subsidy on human capital expenses is determined by three consid-
erations: counterbalancing distortions to human capital investment from the taxation of wage and
capital income, encouraging labor supply, and providing insurance against adverse draws from the
productivity distribution. When the wage elasticity with respect to ability is increasing in human
capital, the optimal subsidy involves less than full deductibility of human capital expenses on the tax
base, and falls with age. The optimal tax treatment of training time also depends on its interactions
with contemporaneous and future labor supply. I consider two ways to implement the optimum:
income contingent loans, and a tax scheme that allows for a deferred deductibility of human capital
expenses. Numerical results are presented that suggest that full dynamic risk-adjusted deductibility
of expenses might be close to optimal, and that simple linear age-dependent policies can achieve
most of the welfare gain from the second best.
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1 Introduction

Investments in human capital, in the form of both time and money, play a key role in most people’s lives.
Children and young adults acquire education, and human capital accumulation continues throughout
life through job training. There is a two-way interaction between human capital and the tax system.
On the one hand, investments in human capital are influenced by tax policy — a point recognized early
on by Schultz (1961).! Taxes on labor income discourage investment by capturing part of the return
to human capital, yet also help insure against earnings risk, thereby encouraging investment in risky
human capital. Capital taxes affect the choice between physical and human capital. On the other hand,
investments in human capital directly impact the available tax base and are a major determinant of
the pre-tax income distribution. Policies to stimulate human capital acquisition, which vary greatly
across countries, shape the skill distribution of workers —a crucial input into optimal income taxation
models.

This two-way feedback calls for a joint analysis of optimal income taxes and optimal human capital
policies over the life cycle, which is the goal of this paper. The vast majority of optimal tax research
assumes that productivity is exogenously determined, instead of being the product of investment
decisions made throughout life.? Therefore, this paper addresses the following questions. First, how, if
at all, should the tax and social insurance system take into account human capital acquisition? Should
human capital expenses be tax deductible, and how should the opportunity cost of time be treated?
Second, how does the optimal tax system change when human capital acquisition is unobservable to
the government? Third, what parameters are important for setting optimal human capital policies,
such as subsidies, and how do optimal policies evolve over time? Finally, what combination of policy
instruments implements the optimum? Can simple policies yield a level of welfare close to that achieved
with complex systems?

Specifically, this paper jointly determines optimal tax and human capital policies over the life cycle,
and incorporates essential characteristics of the human capital acquisition process. First, human capital
pays off over long periods of time and thus returns are inherently uncertain: skills can be rendered
obsolete by unpredictable changes in technology, industry shocks, or macroeconomic contractions.? Yet,
private markets for insurance against personal productivity shocks are limited. Second, the investment

has two types of costs, namely financial costs (e.g., tuition or books) and time costs (e.g., opportunity

L4Qur tax laws everywhere discriminate against human capital. Although the stock of such capital has become large
and even though it is obvious that human capital, like other forms of reproducible capital, depreciates, becomes obsolete
and entails maintenance, our tax laws are all but blind on these matters.” (Schultz, 1961, pg. 17).

2See Mirrlees (1971), Saez (2001), Golosov et al. (2006), Albanesi and Sleet (2006), Farhi and Werning (2013). Recent
papers have relaxed the assumption of exogenous ability and are reviewed below.

3See Goldin and Katz (2008) and the literature reviewed later in the introduction.



cost of foregone wages and loss of leisure while studying or training),* the relative importance of which
can change over the life cycle.” Finally, individuals have heterogeneous intrinsic abilities, which may
differentially affect their returns to human capital investment.°

Accordingly, in the model, each individual’s wage is a function of endogenous human capital and
stochastic “ability.” Ability, as in the standard Mirrlees (1971) income taxation model, is a comprehen-
sive measure of the exogenous component of productivity. Agents have heterogeneous innate abilities,
which are subject to persistent and privately uninsurable shocks. Throughout their lives, they can
invest in human capital with risky returns, through either monetary expenses or time spent training
at a disutility cost. The government maximizes a standard social welfare function under asymmetric
information about any agent’s ability — both its initial level and its evolution over life — as well as
labor effort. This requires the imposition of incentive compatibility constraints in the dynamic mech-
anism designed by the government. To describe the distortions in the resulting constrained efficient
allocations, the wedges, or implicit taxes and subsidies, are analyzed.

The lifecycle model in the paper highlights the different forces at play. The implicit subsidy for
human capital expenses is determined by three goals. The first is to counterbalance the distortions
to human capital from implicit income and savings taxes. The second is to indirectly stimulate labor
supply by increasing the wage, i.e., the returns to labor. The third is to redistribute, taking into
account the differential effect of human capital on the pre-tax income of high and low ability people.
When the wage elasticity with respect to ability is decreasing in human capital, human capital has a
positive redistributive effect on after-tax income and a positive insurance value. It is then optimal to
subsidize human capital expenses beyond simply insuring a neutral tax system with respect to human
capital expenses, i.e., beyond making human capital expenses fully tax deductible in a dynamic, risk-
adjusted fashion. In this case, the human capital wedge drifts up with age, and the drift is amplified by
the magnitude of the wage elasticity with respect to ability. The persistence of ability shocks directly
translates into a persistence of the optimal human capital wedge over time.

When human capital can be acquired through training time at a disutility cost, as well as by
spending money on tuition or other inputs, there is an additional, direct interaction of training with
both contemporaneous and future labor supply, which affects optimal policies. Training may increase

the marginal disutility cost from working, the case labeled “Learning-or-Doing,” or decrease it, labeled

*OECD countries spend on average 6.3% of GDP on education; the US spends 7.3% (OECD, 2013). Heckman (1976a)
indirectly infers that 30% of time in early working years is spent training. 40% of adults participate in formal and/or
non-formal education in a given year in OECD countries, and receive on average 988 hours of instruction in non-formal
education during life, out of which 715 are job-related (OECD, 2013).

’See Dynarski (2003) and Heckman et al. (2005) on, respectively, the effects of tuition and of disutility from education
on school enrollment decisions.

%The empirical evidence on this issue is reviewed in section 5.1.



“Learning- And-Doing.”

If, instead, human capital is unobservable to the government, the optimal labor and savings wedges
need to indirectly provide the right incentives for human capital acquisition. The labor wedge may
increase or decrease relative to the observable human capital case, depending, again, on whether human
capital has a positive redistributive or insurance effect.

The paper considers two ways of implementing the constrained efficient allocations: Income Con-
tingent Loans (ICLs), and a “Deferred Deductibility” scheme. For ICLs, the loan repayment schedules
are contingent on the past history of earnings and human capital investments. In the Deferred De-
ductibility scheme, only part of current investment in human capital can be deducted from current
taxable income. The remainder is deducted from future taxable incomes, to account for the risk and
the nonlinearity of the tax schedule.

I calibrate the model based on US data to illustrate the optimal policies under different assumptions
regarding the complementarity between human capital and ability. When human capital has a positive
redistributive or insurance value, the net stimulus to human capital is small and positive, and grows
with age. It is not optimal to deviate much from a neutral system with respect to human capital, a
type of “production efficiency” result and, hence, full dynamic risk-adjusted deductibility is close to
optimal. The optimal labor wedge rises with age, but the age trend is less steep than in standard
models with no human capital. Labor taxes are progressive in the short run when human capital
has a positive insurance value, but regressive otherwise. Simple linear age-dependent human capital
subsidies, as well as income and savings taxes, achieve almost the entire welfare gain from the full

second-best optimum for the calibrations studied.

1.1 Related Literature

The complex process of human capital acquisition has been studied in a long-standing literature, start-
ing with Becker (1964), Ben-Porath (1967), and Heckman (1976a,b). The model in this paper tries to
adopt, in a stylized way, some of this literature’s main findings. The structural branch of the literature
(Cunha et al. 2006, Cunha and Heckman, 2007, 2008) emphasizes that human capital acquisition
occurs throughout life, underscoring the need for a life cycle model. Both ex ante heterogeneity in
the returns to human capital and uncertainty matter. Disutility or psychic costs, above and beyond
pure opportunity costs, are important in explaining human capital investment decisions (Heckman,
Todd and Lochner, 2005). A large body of empirical work documents the importance of human capital
as a determinant of earnings (Card, 1995a, Goldin and Katz, 2008, Chetty et al., 2011, Huggett and

Kaplan, 2011, Acemoglu and Autor, 2011), and the financial and other factors shaping individuals’



decisions to acquire human capital (Lochner and Monge-Naranjo, 2011, Altonji, Blom and Meghir,
2012, Avery et al., 2013). The subset of this literature which studies the interaction between ability
and schooling for earnings — a crucial consideration for optimal policies in this paper — is reviewed in
detail in section 5.1.

On the other hand, the optimal taxation literature, dating back to Mirrlees (1971), and developed
more recently by Saez (2001), Kocherlakota (2005), Albanesi and Sleet (2006), Golosov et al. (2006),
Werning (2007a,b,c), Battaglini and Coate (2008), Scheuer (2013a), Golosov, Tsyvinski and Troshkin
(2013), and Farhi and Werning (2013) typically assumes exogenous ability, thus abstracting from
endogenous human capital investments. Therefore, this paper builds on the lifecycle framework in
Farhi and Werning (2013), and introduces endogenous stochastic productivity as the result of human
capital acquisition by agents.

A series of papers, evolving from static to dynamic, have considered optimal taxation jointly with
education policies. Bovenberg and Jacobs (2005), using a static taxation model, find that education
subsidies and income taxes are “Siamese Twins” and should always be set equal to each other, which
is equivalent to making human capital expenses fully tax deductible.” A few subsequent static papers
emphasize the importance of the complementarity between intrinsic ability and human capital (Mal-
donado, 2007, with two types, Bovenberg and Jacobs, 2011 with a continuum of types), or between
risk and human capital (DaCosta and Maestri, 2007).

Several recent dynamic optimal tax papers examine the impact of taxation on human capital,
with important differences to the current paper. Previous dynamic models allowed for heterogeneity
across agents, but not uncertainty (Bohacek and Kapicka, 2008, Kapicka, 2013a), or uncertainty, but
not heterogeneity (Anderberg, 2009, Grochulski and Piskorski, 2010), which precludes a discussion
of redistributive policies. Findeisen and Sachs (2013) include both heterogeneity and uncertainty,
but focus on a one-shot investment during “college,” before the work life of the agent starts, with a
one-time realization of uncertainty. By contrast, this paper features life cycle investment in human
capital, through both expenses and time, and a progressive realization of uncertainty throughout
life. A complementary analysis is Kapicka and Neira (2013), who posit a different human capital
accumulation process with time investments and a fixed ability, and consider the case in which effort
spent to acquire human capital is unobservable. Also complementary is the work by Krueger and
Ludwig (2013), who adopt a Ramsey approach by specifying ex ante the instruments available to the
government, in contrast to the Mirrlees approach adopted here, which considers an unrestricted direct

revelation mechanism. In their overlapping generations general equilibrium model, “education” is a

"Kaplow (1994) also considers the tax treatment of human capital.



binary decision that occurs exclusively before entry into the labor market.® The lifecycle analysis also
addresses the issue of age-dependent taxation, as explored in Kremer (2002), Weinzierl (2011), and

Mirrlees at al. (2011).°

The rest of the paper is organized as follows. Section 2 presents the dynamic lifecycle model and
the full information benchmark. Section 3 sets up a recursive mechanism design program using the
first-order approach. Section 4 solves for the optimal policies when human capital is observable and
describes the forces shaping those policies, as well as their evolution over life. Section 5 contains the
numerical analysis, which brings out the main mechanics behind the optimal policies, and illustrates
their evolution over life. Section 6 discusses the implementation of the optimal policies using Income
Contingent Loans (ICLs) and a Deferred Deductibility scheme. Section 7 considers the case with
unobservable human capital. Section 8 concludes and discusses three alternative applications of the
model: to intergenerational transfers and bequest taxation, to entrepreneurial taxation, and to health

investments.

2 Lifecycle Model of Human Capital Acquisition and Labor Supply

This section starts with the setup of a lifecycle model with risky human capital.

The economy consists of agents who live for T' years, during which they work and acquire human
capital. Agents who work Iy > 0 hours in period ¢ at a wage rate w; earn a gross income y; = wel;.
Each period, agents can build their stock of human capital in two ways. The first one is by spending
money. A monetary investment of amount M (e;) generates an increase in human capital e; > 0.
The cost function satisfies: M (e) > 0, Ve; > 0; M/ (0) = 0; M/ (e;) > 0, Ve; > 0. These monetary
investments add to a stock of human capital acquired by expenses (“expenses” for short), s;, which
evolves according to s; = s,—1 + e;.'Y Expenses can be thought of as the necessary material inputs
into the production of human capital, such as books, tuition fees, or living and board costs while at
college, net of the cost of living elsewhere. Second, agents can spend time training. This may represent
the time spent in formal classes or training courses, time spent reading, or on-the-job training. The

disutility cost to an agent who provides [; units of work and spends i; units in training is ¢, (I;,4;), with

8Benabou (2002) jointly analyses taxes and education in a dynastic Ramsey model.

9This paper is more generally related to the dynamic mechanism design literature, as developed by, among many others,
Baron and Besanko (1984), Spear and Srivastava (1987), Fernandes and Phelan (2000), and Doepke and Townsend (2006),
which also underscores the challenges posed by general forms of persistence of shocks. The closest methodological link is
to Farhi and Werning’s (2013) first-order approach to such problems (see also Pavan, Segal and Toikka, 2013). The case
with unobservable human capital builds on models with hidden savings (Cole and Kocherlakota, 2001, Werning, 2002,
Kocherlakota, 2004, Abraham and Pavoni, 2008) or hidden trades (Golosov and Tsyvinski, 2007).

1The agent cannot wilfully destroy human capital, hence e; > 0. There is no explicit depreciation of human capital,
but the ability shock 6 described right below can partially account for stochastic depreciation. Deterministic depreciation
each period is easy to add and dropped for notational convenience.



¢ > 0. This second type of investment leads to a stock of training time z;, which evolves according to

2t = zt—1+1%¢. ¢, is strictly increasing and convex in each of its arguments (6%2’1) aW DN 0,v1,1>0;

2 : 2
9 gl(gl’z), g (W ) > 0, Vl,1); however, no assumption is yet made on the cross partial 8 8(;;((9121) Al

These two forms of human capital acquisition might vary in importance over the life cycle. For
example, young people may face only low-wage opportunities, hence a low opportunity cost of time,
but high tuition fees and financial costs. On the other hand, for working adults with college education
and high opportunity cost of time, the costs of human capital investments in the form of on-the-job
training might mostly be time and disutility costs.

The wage rate w; is determined by the stocks of human capital built until time ¢ and stochastic
ability 6;:

wy = wy (0, 8¢, 2t)

ow

wy is strictly increasing and concave in each of its arguments (a—m > 0 <0 for m = 0,s,2).12

) amz
Importantly though, no restrictions are placed on the cross-partials. This formulation allows for
different types of human capital to affect the wage differently over the lifecycle.

Agents are born at time t = 1 with a heterogeneous earning ability §; with distribution f! (67).
Earning ability in each period is private information, and evolves according to a Markov process with
a time-varying transition function f*(0:|6;_1), over a fixed support © = [Q, @]. There are several
possible interpretations for 0y, such as stochastic productivity or stochastic returns to human capital.
For example, with a separable wage form w; = 6; + hy (s¢,2;), for some function hy, 6; resembles
a stochastic version of productivity from the static Mirrlees (1971) model. With a wage such as
wy = O¢hy (¢, 1), B¢ is perhaps more naturally interpreted as the stochastic return to human capital.
To keep with the tradition in the literature, 6; will be called “ability” throughout. Ability to earn
income can be stochastic among others because of health shocks, individual labor market idiosyncrasies
or luck.

The agent’s per period utility is separable in consumption and effort (both labor and training):

- Yt
Ut (Ct73/t, St, 25 Ot Zt—l) = Ut (Ct) - ¢t <W7 Zt — Zt—l)
M )

uy is increasing, twice continuously differentiable, and concave.
Denote by 6! the history of ability shocks up to period ¢, by ©f the set of possible histories at ¢,
and by P (6") the probability of a history 6*, P (6") = f* (6;|6¢—1) ...f* (62/61) f* (1) . An allocation

{x¢}, specifies consumption, output, and expenses and training stocks for each period ¢, conditional

Y Appendix A.1. links this model to the standard Ben-Porath model.
12Equivalently, we could define human capital as a composite function h; of all expenses made and time spent training
ht = ht (St, Zt) 7Wlth wage ZI)t = Wt (0,5, ht)



on the history 6%, i.e., x; = {:p (Qt) }@t = {c (Qt) Y (Ht) , S (Gt) , 2 (Ht) }et' The expected lifetime utility

from an allocation, discounted by a factor 3, is given by:

U (e (0). ()5 () 2 (0))
_ a =1 |0 (e (61) — y (9) 2 (6% — = (911
=3 [t el o (= @)= @)

where, with some abuse of notation, df! = db,...do;.

P(6%)do" (1)

Let wy,+ denote the partial of the wage function with respect to argument m (m € {6,s,z}), and
Wmn,t the second order partial with respect to arguments m,n € {0,s,z} x {0, s,z}. Two important
parameters are the Hicksian coefficients of complementarity between ability and human capital (of

type s or z) in the wage function at time ¢, denoted by py, ; and py, ;:'3

Pos = 70, Por = (2)

A positive Hicksian complementarity between human capital s and ability 6§ means that higher
ability agents have a higher marginal benefit from human capital (wps > 0).!* Put differently, human
capital compounds the exposure of the agent to stochastic ability and to risk. A Hicksian comple-
mentarity greater than 1 means that higher ability agents have a higher proportional benefit from

human capital, i.e., the wage elasticity with respect to ability is increasing in human capital, i.e.,

9 (@Q

5s (30 w) > 0.1 The same applies to training time z.

A separable wage function of the form w; = 0y + hy (s¢,2;) for some function h; implies that
Post = P+ = 0. A multiplicative form w; = 0;hy (s, 2), the one typically used in the taxation literature,
implies that pgs s = py,, = 1. Finally, with a CES wage function, of the form

1
1— 1— 1— 1—p
wy = [aue Pt Q2 Sy Pe + agpz P ¢ (3)

ability and human capital can be substituted one for the other at a fixed, but potentially time-varying

rate: pPysi = Pg.t = Pt
For training time, another relevant parameter is pf;, the Hicksian complementarity coefficient

between labor and training in the disutility function ¢, (I, 2t — 2¢-1). Let ¢,, = %, b1y = %7

82
¢lz,t = Tgi Then:
6 _ D0 (4)

Pz ¢l¢z

130n studies of the Hicksian complementarity as see Hicks (1970), Samuelson (1973), Bovenberg and Jacobs (2011).
" p,s is also the Hicksian complementarity coefficient between education and ability in earnings y.
15 Equivalently, the wage elasticity with respect to human capital is increasing in ability.




3 The Planning Problem

The informational problem that the planner faces is that he cannot see ability 0; in any period. Hence,
he also does not know an agent’s wage wy (04, s¢, 2¢), or labor supply I; = y;/w;. Output y; and
consumption ¢; on the other hand are observable. Human capital investments are also observable to
the government but the case with unobservable human capital expenses is discussed in Section 7.
This technical section sets up the planning problem, starting from the sequential problem, and
defining incentive compatibility. It then goes through two steps to make this problem tractable,
following the recent procedure proposed for dynamic Mirrlees models by Farhi and Werning (2013),
augmented here with human capital. First, a relaxed problem based on the first-order approach is
written out, which replaces the full set of incentive compatibility constraints by the agent’s envelope
condition. This relaxed program is then turned into a recursive dynamic programing problem through

a suitable definition of state variables. The results on optimal policies are in the subsequent section.
3.1 Incentive Compatibility

To solve for the constrained efficient allocations, suppose that the planner designs a direct revelation
mechanism, in which, each period, agents have to report their ability 6;. Denote a reporting strategy,
specifying a reported type r; after each history by r = {rt (Qt) }le. Let R be the set of all possible
reporting strategies and r! = {rl (01) 5.7t (Ht)} be the history of reports generated by reporting
strategy r. Because output, savings, and human capital are observable, the planner can directly specify
allocations as functions of the history of reports, according to some allocation rules ¢ (Tt) Y (rt), s (fr’t),
z ('rt).m Let the continuation value after history #° under a reporting strategy r, denoted by w” (Gt),

be the solution to:

w" (0") = u (c(r' (")) — &, (wt s (ff((?;;?i)z) @) L2 (r (8Y)) — 2 (! (9t1))>
+ﬂ/wr (9t+1> ft+1 (0r110+) dBy i1

The continuation value under truthful revelation, w (Ht) , is the unique solution to:

£ _ t y(et) t t—1 t+1\ pt+1
“(g)_“t(c(e))@<wt<at,s(et>,z<9t>>’z(e)2(0 0”/“’(9 )77 Buralor) b

Incentive compatibility requires that truth-telling yields a weakly higher continuation utility than any
reporting strategy r:

(IC):w(61) > W' (01) ¥Oy,Vr (5)

Y Hours of work are determined residually by l(rt) =y rt) Jw (9,575 (ri) , 2 (rt)) and hours of training by i(rt) =

1 (rt) -z (rt_l).



Denote by X'¢ the set of allocations which satisfy incentive compatibility condition (5).

3.2 Planning Problem

The analysis is in partial equilibrium, or assuming a small open economy with fixed gross interest rate
R. The planner’s objective is to minimize the expected discounted cost of providing an allocation,
subject to incentive compatibility as defined in (5), and to expected lifetime utility being above a

threshold U. The planning problem in sequential form is:

min T({e.y.0,2}) = [i(é)t_l L @) =y @) M @) s @) @) ar | )

{es.2} p

st.:U({cy,s,2}) > U
Y (G’t) >0,s (Gt) > s (Gt_l) , 2 (Ht) >z (Ht_l) ,C (Gt) >0
{¢,y, s, z}is incentive compatible
First order approach: To solve this dynamic problem, a version of the first order approach is used.

The following assumptions are needed and maintained throughout the paper.

ad’é()é’l) Bw(gés,z)% are bounded. ii) of (Met ) exists and is

Assumption 1 i) U (¢,y,s,2;0,2_)
bounded.'" i) f'(04|0;_1) has full support on ©.

Suppose the agent has witnessed a history of shocks 6. Consider one particular deviation strategy
7+, under which he reports truthfully until period ¢ (75 (0°) = 65 Vs < t — 1), and lies in period ¢ by
reporting 7 (Qt) = @' # 0;. The continuation utility under this strategy is the solution to:

y (etfl 0/)

) = el000) o s g gy 00 207

+ / W (01,0, 0,41) 1 (Ors1104) dOyia

Incentive compatibility in (5) implies that, after almost all §%, the temporal incentive constraint holds:
w (") = maxw (6") (7)

9/
Inversely, if (7) holds after all #*~1 and for almost al 6;, then (5) also holds (see Kapicka (2013b),

Lemma 1). The first order approach consists in replacing(7) by the envelope condition of the agent:

t
o (0) = 2N 0 1) g, (1 0) 5 (0) s () 5 [ (o) T el
(8)

"For some distributions, this derivative is not bounded and assumption 3 in Kapicka (2013) could be used instead,

namely that for F*(6.]0,—1) = f: 1 (05]0:=1) dfs, we have 89‘?_1Ft (0¢]6:—1) < 0 and F*'(6:|0;_1) either concave or

convex.

10



or its integral version:

Wt

0
w(0") =w (0"1,0) +/ (—=1(0",0,) dyy (1(01,05) 26 (01, 05) — 21 (6"71))

Wt
Oftt (0 0
—l—ﬁ/w (01,05, 0041) f(.§9t+1|)d9t+1)d93 (9)

>

Let X794 denote the set of allocations which satisfy the envelope condition (9). Tt can be shown

that this is a necessary condition for incentive compatibility, i.e., X/¢ C XFOA 18 The relaxed planning

problem, denoted by P04 is:

min TI({c,y,s,2})
{c7y787z}

st: U({c,y,s,2}) > U

3.3 Recursive Formulation of the Relaxed Program

To write the problem recursively, let the second term in the envelope condition in differential form —

which governs the future incentives of the agent — be denoted by:

) = [wo Wdem (10)

The envelope condition can then be rewritten as:

B (0) = M0 (0) 00, (1(07) 2 (07) — 1 (6°71)) + BA (0) (1)

Wt

Let v (Qt) be the expected future continuation utility:
v (0) = /“’ (01) £ (014110¢) dO1 41 (12)

Continuation utility w (Ht) can hence be rewritten as:

y ()

w (Ht) =y (C (Ht)) — ¢, (wt (Ht; S (Qt) B (Gt)) , 2 (Qt) —z (0t1)> + fu (Gt) (13)

Define the expected continuation cost of the planner at time ¢, given v¢_1, A1, 0:_1, 81, and z;_1:

K (v,A,0i_1,5t—1,%—1,t) = min [Z (;) ) / (CT 07) —y- (07)+ M, (ST (07) — s, (QTfl))) P (gfft) domt

T=t

'8 An application of Theorem 2 in Milgrom and Segal (2002), under assumption 1.
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where, with some abuse of notation, 0™t = df,df,_;...d0;, and P (OT_t) = [T (0:10:—-1) ...f (0¢]0:—1).
The minimization is over continuation allocations after period ¢, {c,y, s, z,w, v, A}th , and subject to
the constraints (10), (11), (12), and (13), evaluated at ¢ — 1.

A recursive formulation of the relaxed program is then for ¢t > 2:

K(w,A0_,s_,z_,t)= min/(c(&) + M (s(0) —s_) —w (0,s(0),2(0))1(0)

+%K(v(@),A(O),9,5(9),z(9),t—|—1))ft(9|9_)d9 (14)

subject to:

W (0) = us (c(0) — ¢, (1(0),2(0) — 2—) + Bv (0)
wwrzw“(®¢u(()(®*1J+ﬁAW)

v= /w(@) FH(016-)do
A / ﬁft 9|¢9

where the maximization is over (¢ (0),1(0),s(0),z(0),w(0),v(0),A(0)).

For period t = 1, the problem needs to be reformulated only if the initial shock 6, is interpreted
as heterogeneity, rather than uncertainty, and the objective is not utilitarian, so as to derive the full
Pareto frontier. Suppose all agents have identical initial human capital levels sg and zg. The problem

for ¢t = 1 is then indexed by (U (6))g, the set of target lifetime utilities U (#) for each type 6:

K((U(0))e,1) = min/(c () + M (s (0) = s0) — w1 (0,5(0),2(0)) 1 (0)

+ K (), A(0),6,5(6),2(6),2))" (6)do

st.  w(@) =uy(c(0) — ¢y (1(0),2(0) — 2zp) + P (0)
We,1 1

w(0) = L(0) dy,1 (1(6) , 2(0)) + BA(6)
w(®) > Q(9)

where the maximization is again over (¢ (0),1(0),w (6),s(8),2(0),v(0),A(0)). The set of constrained
efficient allocations that solve the Planning problem is indexed by the set of utilities (U ())g and
denoted by X*FO4((U (9))g)-

3.4 Validity of the First-order Approach and Assumptions

The solution to the relaxed program might not be a solution to the full program, because the envelope

condition is only a necessary condition. In the static taxation model (Mirrlees, 1971), the validity of the
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first-order approach is guaranteed if the utility function satisfies the standard Spence-Mirrlees single-
crossing property and a simple monotonicity condition on the allocation. However, in the dynamic
case, the conditions imposed on the allocations are more involved (see Battaglini and Lamba, 2013,
Golosov, Troshkin and Tsyvinski, 2013 or Pavan, Segal and Toikka, 2013), and do not always provide
much simplification. Hence, for the proposed calibrations in section 5, incentive compatibility of the
candidate allocation, as well as any omitted non-negativity constraints, are checked numerically, using

a procedure in the spirit of Werning (2007) and Farhi and Werning (2013).*

Technical assumptions: The following assumptions are used as sufficient conditions only to

determine the sign of the optimal wedges. All formulas derived still apply without them.?"

Assumption 2 i) 229 > 0 for all 0, ii) [ f1(016,)d0 < [ f!(0165)d0, Vt, 0, and 0, > 0,; i)

9 (0f"(0+]0¢-1) 1 . i) O 2
90, ( agtt_: ! ft(9t|9t71)) 2 07 Vt, vetfl, Z’U) %K Z 0 and WK Z 0.

Assumption i) guarantees that the expected continuation utility is increasing in the type. The
first-order stochastic dominance assumption in ii) ensures that, for any given future payoff function
increasing in 6, higher types today have a higher expected payoff. Assumption iii) introduces a form
of monotone likelihood ratio property. Assumption iv) states that the resource cost is increasing and
convex in promised utility.

To reduce notational clutter throughout the paper, the dependence on the full history is often left
implicit, e.g.: ¢ = ¢ (Gt) and Ty = T (Ht). Similarly, function arguments are sometimes left out,

e.g. Wy = %wt (Gt, s (Ht) , 2 (Gt)). E; denotes the expectation at time ¢, conditional on 6.

4 Optimal Human Capital Policies

This section characterizes the allocations, obtained as solutions to the relaxed program P94 above,
using wedges, or implicit taxes and subsidies. Unless otherwise stated, “optimal” refers to the optimum

of program PFOA,

4.1 The Wedges or Implicit Taxes and Subsidies

In the second best, marginal distortions in agents’ choices can be described using wedges which repre-

sent the implicit local marginal tax and subsidy rates. At a given allocation and history €', define the

9 An alternative could be the random contracts or “lotteries” approach (e.g.: Karaivanov and Townsend, 2013), which
circumvents the sufficiency problem, and has explored increasingly sophisticated methods to increase computational
efficiency, and counter the “curse of dimensionality,” which arises from the exponential growth of incentive constraints
when adding hidden states or actions. For optimal tax analysis, however, it is appealing to have analytical formulas,
which the first order approach, when valid, can deliver, and which build the intuition for the solution.

2071 addition, all theoretical results on the signs of the wedges are indeed satisfied in the simulations (section 5).
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intratemporal wedge on labor 7, (Qt), the intertemporal wedge on savings or capital 7 (Ht), and the

human capital wedges 7g (Ht) and 7z (Qt) as follows:

Gre Ity 26 — 20-1)

TL (975) = 1- wy (0, S¢, 2¢) u) (ct) (15)
A 1 uy (ct)
@) = R R ) (16)
s (0) = —(1—7L(0")) weuls + [Mtl (st —s¢-1) — BEy (WMtI-&-l (8t+1 — 5t)>:| (17)
(00 = —(1—7 (6w Pt _ upq (1) o
() = )b [ o (S ) =

The labor wedge 7, is defined as the gap between the marginal rate of substitution and the marginal
rate of transformation between consumption and labor. The savings or capital wedge 7 is defined
as the difference between the expected marginal rate of intertemporal substitution and the return on
savings. The implicit subsidy on human capital expenses 7g can be thought of as the reduction in
marginal cost for an additional dollar of spending on human capital: the agent’s net marginal cost is
M| (e4) — T5¢.2' Similarly, the “bonus” for training 77 can be viewed as the incremental pay received
by an agent for one more unit of training time.

Intuitively, conditional on a history, wedges are akin to locally linear subsidies and taxes, and would
be zero absent government intervention. Indeed, the paper will sometimes loosely refer to the wedges
as taxes and subsidies, and often appeal to intuitions related to a standard tax system. The relation
between wedges and explicit taxes is studied in the section on implementation (section 6).

The following definitions will be needed for the formulas below. For any variable x, define the
“insurance factor” of x, §, ;14 :

§r41 = Cov (_6127—1’53t+1) / (Et <5UZ,F1> E; ($t+1)>

t t

with &, ;1 € [—1,1]. If  is a flow to the agent, it is a good hedge if £ < 0, and a bad hedge otherwise.

With some abuse of notation, define also:

Bu Bu
& ip1=—Cov ( ut,'H — Lz )/ | B ut,H — 1| Ey(x441)

t

which, up to an additive constant, captures the same risk properties as &, ;1.
Denote by e,y the elasticity of x¢ to yi, €zt = dlog (a¢) /dlog (y;). Let ¢} and ef be the uncom-

pensated and compensated labor supply elasticities to the net wage, holding both savings and training

21 The wedges are here written with a recursive shorthand notation, replacing the future stream of marginal benefits by
the future marginal cost, which holds at interior solutions.
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4.2 Optimal Subsidy for Human Capital Expenses
4.2.1 The Net Subsidy

To achieve insurance and redistribution in the presence of incentive compatibility constraints, the
optimal allocation features a labor wedge and an intertemporal wedge, both of which affect human
capital investments. Intuitively, an increase in the implicit labor tax captures part of the return to
the agent’s investment, while the implicit savings tax encourages substitution from physical capital to
human capital as an indirect way to transfer resources intertemporally. Hence, part of the implicit
subsidy on human capital expenses merely acts to counterbalance the distortions in the human capital
choice caused by other wedges. A useful benchmark is the subsidy which just ensures that the tax
system is neutral with respect to human capital. Hence, I define a “net subsidy,” as the gross subsidy

from which we filter out all the parts that only go toward compensating for the other distortions.

Definition 1 Define the net wedge on human capital expenses, tgt, as:

TSt—TLtMt,d'i-Pt
(M* = 75¢) (1 — 714)

tst =

Mt = M] — (1(1 51;4};)) E; (M{,,) denotes the dynamic, risk-adjusted cost.

P = m (1 —7r¢) (1 — §’M,) FE; (Mtl—i-l) captures the risk-adjusted savings distortion.

A zero net wedge ts; means that the tax system is neutral with respect to human capital. It
is equivalent to full dynamic, risk-adjusted deductibility.?> For instance, in the last period T, or in
a static problem, ts = 0 means that 797 = TLTM’T, i.e., full local contemporaneous deductibility of
expenses — akin to the type of deductions we are familiar with (see Bovenberg and Jacobs, 2005). In this
dynamic setting, however, three additional effects need to be filtered out. First, the effective marginal
cost of investing is dynamic (M;?), since a higher investment at ¢ means a lower cost of reaching any
given human capital stock at t + 1. Second, the intertemporal resource transfer from human capital
investment is also taken into account in P;, which would be zero with no savings distortion or with

linear utility. Finally, uncertainty requires a risk-adjustment, embodied in the insurance factor &/,

Te., ¢ and " are defined as in the static framework (e.g., Saez, 2001), at constant savings and training time:

R i) J1+ 28 (o) o & (1,7) /1

by (1,3) — i}/l((l))zu (e) by (1,3) — ¢f((i)) u” (c)

With per-period utility separable in consumption and labor = is the Frisch elasticity of labor.
t

) W
231t is not strictly speaking a standard tax deductibility, because wedges are not equivalent to explicit taxes, but this
intuition is helpful to grasp the underlying logic, and will often be referred to.
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since a given deduction is not worth the same in different states given that marginal utility is not
constant.

The net wedge is positive if the government wants to encourage human capital acquisition on net,
i.e., above and beyond simply ensuring a neutral tax system with respect to human capital. The next

proposition shows how the net wedge is set in a recursive fashion at the optimum.

Proposition 1 i) At the optimum, the net wedge is given by:

0" uj (c (6" w
ty (6") = LL?ft{@ﬂét_g))) (1= pos.z) Eaf¢ (20)

where the multiplier p (6;) can be written recursively as:

p(07) = (07) + 1 (0") (21)
0
k(0 = /0 (1—9s) " (c(etl—l 7 ))f(eswt_l)des (22)
0 1
with g, = (e (01,0) doy and ey = [y ey Ol don

0N s t—1 Rp 1 01 " of (05]60:-1)
n (9 ) = ty_q (9 ) [Uf‘,l (c (et—l)) (1 — pe&t_l) S </0t 90, d95>]

i) If assumption (2) holds, then at each history ' :**
st (9t) >0 ppsr <1

iti) % (0") = 0 if uj (ct) = 1 and 6, is iid.
w) t5, (071,0) =1, (01,0) =0, Vt.

The multiplier (Ht) on the envelope condition is split into two parts. The insurance motive is
captured in s (Qt) , familiar from the static taxation literature. It would be zero with linear utility. g
is the marginal social welfare weight on an agent of type 6, measuring the social value of one more
dollar transferred to that individual, and 1/\;—; is the social cost of public funds.

The novel term n (Qt) captures the previous period’s net wedge, hence indirectly the previous
period’s insurance motive, weighted by a measure of ability persistence. Recall that there can be a

redistributive motive in the first period if there is initial heterogeneity.?> This motive remains effective

24Assumption 2 can be replaced by the condition 71 (Ht) > 0. That tss = 0 when p,, = 1 and corollary 1 apply even
when the first-order approach is not valid (see the Appendix).
ZWith a non-utilitarian objective, if §; is interpreted as heterogeneity (see section 3.3):

6 1 ,
1 (01) = / ey (1R 0 @ 0:) 10

where Ao (0s) is the multiplier (scaled by f (6s)) on type 05 target utility. With linear utility: 1 = ff o (05) f(0s) .
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through n (Ht), the more so if types are more persistent, but vanishes as skills become less persistent. In
the limit, if 0; is identically and independently distributed (iid), only the contemporaneous insurance
motive k (6;) matters. If, in addition to iid shocks, utility is linear in consumption, the optimal net
subsidy is 0.2

The zero distortion at the bottom and top result, familiar for the labor wedge from the static
literature, holds here for the net human capital wedge. It does not hold for the gross wedge 7g; (see
below), underscoring again that the true incentive effects are captured by s, not 7g;.

Importantly, the proposition underlines that the net wedge on human capital is positive if and only

if pps 4 < 1, a point discussed next.
4.2.2 The Redistributive and Insurance Values of Human Capital

Together with the aforementioned insurance and persistence channels, the Hicksian coefficient of com-
plementarity py, plays a crucial role. The optimal net wedge results from the balance of two effects
that human capital has on social welfare. First, because it increases returns to work, it makes leisure
less attractive and encourages labor supply, the “Labor Supply Effect.” This is a positive effect in the
presence of a distortion in the labor decision.?” At the same time, if pp, > 0, which is equivalent to
ability being complementary to human capital in the wage (% > O), human capital mostly benefits
already able agents, and hence compounds existing inequality due to intrinsic differences in 6;. The
opposite occurs if py, < 0, in which case human capital reduces inequality. This effect will be labeled
the “Inequality effect.” Because ability is stochastic, it is equivalent to say that if py, > 0, human cap-
ital increases exposure to risk, because it mostly benefits agents when they receive high productivity
shocks.

Technically, the inequality effect is the result of a rent transfer, which arises from the need to satisfy
agents’ incentive compatibility constraints. If high productivity agents benefit more from a marginal
increase in human capital than lower productivity agents (pp, > 0), an increase in their human capital
tightens their incentive constraints. What matters for social welfare is whether, when encouraging
human capital, the increase in resources from more labor is completely absorbed by the compensation
forfeited to high productivity agents to satisfy their incentive compatibility constraints, or whether
there are resources left over. The answer is that, when py, < 1, i.e., when high ability agents do not
disproportionately benefit from human capital, the positive labor supply effect dominates any potential

inequality effect, and generates net resources to be used for redistribution and insurance of all agents.

26Except at t = 1 with a non-utilitarian objective, see the previous footnote.

*"This effect would disappear if there were no distortion on labor, ie., if 4 (") = 0. This is different from the direct
effect of human capital on earnings, through the increase in wage, which would exist even with no distortion on labor, or
with fixed labor supply, and which is filtered out from the net subsidy.
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Hence, it will be beneficial to encourage human capital on net. In this case, human capital is said
to have a positive insurance effect, or a positive redistributive effect on after-tax income inequality.?
Put differently, if pg, > 0, a human capital subsidy increases pre-tax income inequality, but as long as
Pos < 1, after-tax income inequality will be reduced thanks to the additional resources generated by
human capital investment.

Although the human capital and labor literatures have long studied the interaction between human
capital and ability (see the summary in section 5.1), the optimal taxation literature has mostly adopted
the more restrictive wage form w = 0s.2% This special case entails py, = 1 and, hence, a null net wage
at the optimum. This is reminiscent of the Atkinson and Stiglitz (1976) result on the non-optimality of
differential commodity taxation if preferences satisfy a form of separability between goods and labor.
Note that the zero net subsidy result for pg, = 1 does not depend on the optimality of the labor or
intertemporal wedges.? Indeed, when py, = 1, the choice of education does not reveal any additional
information on ability, as all types benefit equally from it in proportional terms. This benchmark case

is discussed next.

4.2.3 Full Risk-adjusted Dynamic Deductibility

With any multiplicatively separable wage of the form w (0, s, z) = w! (8) w? (s, z), where w! and w?
are increasing functions, the gross wedge 7g; only compensates for the distortion caused by income
and savings taxes. The following corollary shows the implicit dynamic deductibility relation that the

gross wedge, the labor tax, and the capital tax need to satisfy at the optimum.3!

Corollary 1 If py, = 1, the constrained efficient human capital wedge 75,, labor wedge 77, and capital
wedge Ty, must satisfy:
1 75
T = | M, — S E; (M] The — =B (1= &y i) i (M] 23
St < t TR t( t+1)> Lt R(l—T}Q) ( §M ,t+1) t( t+1) ( )
Applying this corollary to a static model or to time ¢t = T shows why Bovenberg and Jacobs (2005)
find that education subsidies and income taxes are “Siamese Twins,” and that the optimal (linear)

subsidy on education is equal to the optimal (linear) tax rate. In a lifecycle setting with uncertainty,

Importantly, the social objective assigns non-negative weights to all agents, and hence all consumption gains arising
from higher resources are positively weighted, even if they increase inequality. Any Pareto improving rise in human
capital would be stimulated. But the subsidy does not encourage rises in human capital, which benefit some agents at
the expense of having to draw resources from other agents, with a resulting negative change in total social welfare.

29With the exception of the references in the introduction (Bovenberg and Jacobs, 2011, Maldonado, 2007, DaCosta
and Maestri, 2007). This generalized dynamic model nests their findings. In particular, it emphasizes the role of the
distribution of productivity and its persistence over time, which can modulate, amplify, or fully dampen the effects of
the complementarity between human capital and ability. In addition, I show below how the evolution of the net wedge is
affected by the coefficient of complementarity, something which could not be seen in a static model.

30 As in the direct proofs of the Atkinson-Stiglitz result by Kaplow (2006) and Laroque (2005).

31See the general formula for Pos 7 1, as well as an alternative formulation in the Appendix.
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additional considerations, namely the dynamic nature of the investment cost, the intertemporal wedge,
and the insurance factor, complicate this simple contemporaneous deductibility. Section 6 maps this

result into a deferred deductibility scheme with explicit tax instruments.
4.2.4 The Capital Wedge with Observable Human Capital

The presence of observable human capital does not change a standard result in dynamic moral hazard

models with observable savings and separable utility, namely the Inverse Euler Equation.

Proposition 2 At the optimum, the inverse Euler Equation holds:

T / N Gyl do (24)

u (e (09) o iy (c(077)) e
Equation (24), combined with Jensen’s inequality, implies that the savings wedge in (16) is positive,
i.e., savings are discouraged. Indeed, saving and shirking in the future are complements. Human capital
is an alternative way to transfer resources to the future, and a substitute to savings through physical
capital (Heckman, 1976). Hence, in the absence of additional redistributive or insurance effects from
human capital (py, = 1), formula (23) shows that the human capital subsidy and the savings wedge

co-move inversely.

4.3 The Optimal Labor Wedge with Observable Human Capital

The optimal labor wedge is very similar to the one in dynamic taxation models without human capital,

except for the novel wage function.

Proposition 3 i) At the optimum, the labor wedge is equal to:

T (07 p(0%) ui (e (6")) ewpel + et
L-7 (0 F@le) 6 <

(25)

with @ (Gt) =1 (Ht) + K (Gt) as in (21), where n (Ht) can be rewritten recursively as a function of the

past labor wedge, Tp, t—1:

n (0%) = T (07) R €i1 b /9 0f (0s]0:-1) 4
1 - Tz,t—l (et_l) up_q (C (at_l)) L+ef 1 ewot—1 Jo, 001 ’

i) v, (0°°1,0) = 77, (0°1,0) =0, vt.
Unlike in the standard taxation model, the wage elasticity with respect to ability £,¢; is not

constant at 1; a higher elasticity amplifies the labor wedge as it increases the value of insurance and

redistribution.?> However, the standard zero distortion at the bottom and the top results from the

p—1
32E.g.: with a CES wage as in (3), ews = (wﬂ%@) ; human capital indirectly enters the optimal tax formula.
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static Mirrlees model continue to apply in the presence of observable human capital. The labor wedge
at any age is inversely related to the elasticity of labor supply that prevails at that time.

In this setting, both the labor wedge and the net human capital wedge are tools for redistribution
and insurance. The following relation shows that they are set according to a type of inverse elasticity

rule, i.e., inversely proportional to their efficiency costs:

Corollary 2 At the optimum, the labor wedge and human capital wedge need to satisfy the following

relation after each history:

. 7_* E:C
tst:< Lt ) o (1= poss) (26)

1—73,) 1+eb
While the labor wedge always has a positive redistributive or insurance value,* the net human
capital wedge only has a positive redistributive value if and only if (1 — py,) > 0. The optimal policies
must be consistent with each other: if the labor wedge is higher so as to provide more insurance, the
net human capital wedge must also be higher if and only if (1 — py,) > 0.

In the special case of a CES wage function as in (3) and a separable isoelastic disutility:
. 1 1.
o(li)=—-1"4+=i" (v>1,n>1) (27)
v n

the ratio of the net human capital wedge and labor wedge is constant over time and across all agents,

t;/( Lt )_ (1-p)

1—-77, 0%

and equal to:

4.4 Age-dependency

This section focuses on the lifetime evolution of the optimal wedges. In formulas (20) and (25), the op-
timal wedges after each history were expressed recursively as a function of the previous period’s wedges.
Instead of these point-wise expressions, one can also rewrite the formulas in terms of a weighted expec-
tation across types at time ¢, using some weighting function 7 (). Different weighting functions 7 (9)
lead to different recursive relations, which must hold at the optimum, and some weighting functions
draw out particularly enlightening effects.?*

For the exposition only, ability is assumed to follow a log autoregressive process:

log (01) = plog (01—1) + ¥, (28)

where 9, has density f¥ (¥|0;_1), with E (1|6;_1) = 0. The general formula without this assumption

is in the Appendix (formula (56)):

33 Aslong as 70: > 0, i.e., p (Ht) > 0, which is true under assumption (2).
31Such a reformulation for the optimal labor wedge formula was proposed by Farhi and Werning (2013) for a convenient
weighting function 7 () = 1.
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Corollary 3 The labor wedge evolves over time according to:

E Trt  Ewopi-1 €f l+e&ig i“;—l
=700 fwor 1+er &, \RB ul

L+ei, 1 oup_y TLt—1
i 1 Wo Y (i N T Tl (g9
T VIR R ey B

Dynamic incentive compatibility constraints cause a positive covariance between consumption
growth and productivity: by promising them higher consumption growth, the government induces
higher ability agents to truthfully reveal their types. This however makes insurance valuable and is
captured by the drift term. The insurance motive is scaled down by the efficiency cost of the labor
wedge, €7/ (1 + ¢}'), which makes provision of insurance more expensive, and magnified by the sensi-
tivity of the wage to stochastic ability €., which increases the value of insurance. The persistence
of the shock p translates into a persistence for the labor wedge. But the relation is not one-for-one:
the autocorrelation of the labor wedge is modulated by the growth in efficiency costs and changes in
the sensitivity of the wage to ability over time. Age-varying labor supply elasticities are a commonly
stated argument in favor of age-dependent taxation. A time-varying elasticity of the wage to ability
can provide a further rationale for age-contingent taxes.

A similar recursive formulation can be derived for the lifetime evolution of the net human capital
wedge. Because of its tight link with the labor wedge (as explained in formula (26)), many of the same

forces driving the evolution of the labor wedge are also important for the net subsidy.
Corollary 4 The optimal net subsidy evolves over time according to:
Bt t5w0,t—1 (1= ppss—1) (1%—1)
T\ ewor (1-ppsy) \RB v
L ougy

= Ewh,t—1 (1 - p03,t—1) Cov (RB u
t

,log (00) +ptsi—1 (30)

Formula (30) again exhibits a drift term capturing insurance concerns, magnified by the sensitivity
of the wage to ability €., and the redistributive or insurance factor of human capital (1 — py,). The
drift term inherits the sign of the latter; when py, < 1, human capital has a positive insurance effect,
which caters well to the rising need for insurance. The simulations in section 5 show that, indeed,
the net subsidy rises with age when human capital has a positive insurance value (py, < 1), and falls
when it has a negative insurance value (pg, > 1). They also highlight a “subsidy smoothing” result:
the net subsidy becomes more strongly correlated over time as age increases, because the variance of
consumption growth falls to zero, which makes the drift term in the formula above vanish.

The Hicksian complementarity py, might vary over life, as suggested by the empirical literature in

section 5.1. If it is decreasing faster, the net subsidy will rise faster or fall slower over the lifecycle.
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The sensitivity of the wage amplifies the effect of the Hicksian complementarity coefficient in either
direction.

Finally, note that all results from Propositions 1, 2, and 3, and Corollaries 1, 2, 3, and 4 still apply
with a moving support [Qt (01-1),0; (Ht_l)] C O, except the zero distortions at the top and bottom

results for 7 and t,.3°

4.5 Optimal Bonus for Training Time

The foregoing results described the optimal subsidy for human capital expenses. Should training time
be treated differently than expenses? This section analyzes the optimal bonus for training time, and
focuses on the peculiarities of training relative to expenses, namely its direct interaction with labor
supply.

As in subsection 4.2.1, a net wedge, the “net bonus,” is defined. It measures the deviation away
from a tax system that is neutral with respect to training time. However, the cost being deducted is
agents’ disutility cost, converted into a monetary cost (¢, ,/u’), and again accounting for the dynamic

nature of investment.

Definition 2 The net wedge or net bonus on training time t,; is defined as:
d)z t d
Tzt — TLt (m) + Pz
tzt = p
<<u;(zéi)> - TZt) (1—7Le)

d
(ffci)> = u?(zéi) — R(lin{) (1 — & fur, t+1) ( Os.tt1 ) is the dynamic risk-adjusted disutility

(31)

“t+1 uf g (cer1)
cost, converted into monetary units.

z t+1

) s the risk-adjusted savings distortion.
ut+1(cf+1)

Pz = ﬁ (1 - f;)r/u/,Hl) —TLt)

The following proposition characterizes the net bonus at the optimum.

Proposition 4 At the optimum, the net bonus is given by:

* ¢ * t+1
+ (et) —_ Tt (6 ) 57? (1 —p _ Etbzt > + E TLt+1 (9 ) <€§+1 Wy t+1 lt+1 Epzt+1 p(b
o 1- th (Ht) I+ 5? bzt Ewz,t lZ t R 1-— th (915) 1+ 5?+1 Wzt ls Ewz,t+1 lz,t+1

(32)
with €4, = dlog (¢;) /dlog (z) the elasticity of disutility with respect to training time. pit is the
Hicksian coefficient of complementarity between [ and z in the disutility ¢;. 77, (Ht) and T7;. 4 (6’t+1)

are at their optimal levels from (25).

35See Farhi and Werning (2013) for the analysis of the optimal tax with moving support, which can easily be extended
here to the model with human capital.
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First, the Labor Supply Effect and the Inequality Effect are again present, with exactly the same
interpretation as in subsection 4.2.1. But the bonus on training time has an additional direct interaction
effect with current and future labor supply through the disutility function.

A first natural conjecture is that contemporaneous training and labor supply are substitutes: time
spent acquiring human capital cannot be spent working. In addition, “fatigue” effects can set in. In
this case, the Hicksian complementarity between training and labor in the disutility function is positive
(pf;t > (), a case labeled “Learning-or-Doing.” However, because ¢ (I,7) is a disutility cost — not purely
an opportunity cost of time — it might also be that labor supply and training are complements at least
over some range (pgt < 0). For example, the guarantee of regular training, which gives workers a
prospective for progress, might boost motivation and make labor effort seem less painful, a situation

called “Learning-and-Doing.”

€ lz,t

In the formula, (1 — E:fz p¢ ) is the total effect of the bonus on labor, i.e., the sum of the Labor
Supply Effect, which simulates labor because of the higher wage, and either one of the Learning-and-
Doing or Learning-or-Doing effects, which can increase or decrease work. The total effect of a training

subsidy on contemporaneous labor is positive if and only if

Ewz > €¢,z With g4, = dlog (¢;) /0log (2)

i.e., if and only if the wage is more sensitive to training than the marginal disutility of work is.?6

Even if training diverts time away from contemporaneous labor supply, the effects on future labor
supply can motivate a positive net subsidy. Whatever the pattern of complementarity or substitutabil-
ity between contemporaneous labor supply and training, the relation between current training and
future labor supply is its mirror image. If the former are complements, the latter are substitutes, and
vice versa, because investing in human capital today means having to invest less tomorrow to reach
any given level.3”

If there is Learning-or-Doing, the net bonus co-moves positively with the future income tax rate
TrLi+1, but negatively with the current tax rate 7r;. Intuitively, if there is a higher contemporaneous
wedge on labor, there already is an indirect stimulus to training because training is a substitute for
labor; hence the need for an additional stimulus through a net bonus is reduced. However, a higher
future labor wedge is a stimulus for training in the future, which is a substitute for training today.
Hence, to stimulate training today, there is a need for a higher net bonus.

Corollary 5 illustrates two cases, among other possible ones.

30Note that: (£42.t/€wa,t) pf’zyt =¢e¢,2,t/Ewz,t-
37This is because only the flow iy = 2z — z:—1, and not the stock z:—1 enters the disutility. This reasoning is also only
valid at interior solutions for training.
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Corollary 5 Under assumption 2:

i) The net bonus is positive if <1 — Z(’Z p;i’t> > pg. ¢ and pf;t > 0.

ii) The net bonus is negative if (1 — Soe pld;t) < pp.¢ and P?;,t <0.

Ewz

The sufficient conditions in i) guarantee that, although training diverts time away from contem-
poraneous labor effort, it stimulates labor supply in the future and has a sufficiently large positive
redistributive or insurance effect (1 — py,). On the other hand, the sufficient conditions in ii) imply
that despite stimulating contemporaneous labor supply through Learning-and-Doing, training dispro-
portionately benefits high productivity workers, and has a negative redistributive or insurance effect.

What this analysis also highlights is that time and money costs are not equivalent in the presence of
asymmetric information and incentive problems on unobservable labor. Unlike in the full information
case, disutility costs cannot simply be converted into monetary units and treated as equivalent to

expenses. An exception case is when the disutility function is separable in labor and human capital

( g,:gl = ) Then, as corollary (6) shows, the forces governing the net bonus on training are the same

as those driving the net subsidy on human capital expenses.

Corollary 6 i) If gig; =0 and assumption 2 holds:

£, (0) 20 ppy <1

ii) The following relations between the wedges hold at the optimum at every history 6':

* c
* Trt €t

t = 1-— 33
zt l_T*Ltl_i_g%L( sz,t) ( )

é _ (1 - p@z,t)

tst (1 - p&s,t)
i1) If in addition the wage function is CES with parameter p as in (3):
to =t (35)

First, when there no longer is a direct interaction with labor supply, the net stimulus to training,
i.e., the net bonus, is positive if and only if training has a positive insurance effect (py, < 1). Formula
(33) shows that in this case, the training wedge and the labor tax evolve simply according to a type of
inverse elasticity rule. Formula (34) highlights that both types of human capital need to be encouraged
proportionally to their redistributive and insurance effects (1 — py,) and (1 — pg,) . With a CES wage
function, these redistributive effects are the same: there is then no reason to stimulate one type of human
capital more than the other. At the optimum, the net wedges in (35) fully equate the incentives to

invest in both types of human capital.
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5 Numerical Analysis

In the numerical analysis in this Section, I take a middle stand between a simple illustration of the
qualitative features of the optimal mechanism and a more careful calibration with quantitative impli-
cations for the optimal wedges and their lifecycle patterns. The focus is on human capital expenses.
Additional details of the computational procedure and the calibration, as well as results for alternative
calibrations, are in the online Computational Appendix. Before presenting simulation results, the em-
pirical evidence on the crucial parameter of the model, namely the complementarity between human

capital and ability in the wage is discussed.

5.1 Empirical Evidence on the Complementarity between Human Capital and
Ability

The formulas for the optimal net wedge and its evolution (see (19) and (30)) highlighted the importance
of the complementarity between ability and human capital. The benchmark Mincer model of returns
to schooling yields a log-linear relation between the wage and schooling, with homogeneous returns
across ability levels. The Becker (1964) model, reformulated and developed by Card (1995a), allows for
returns to education to vary with ability. When put to work empirically though, the goal is frequently
to circumvent the problem of unobserved ability. Instrumental variables related to institutional changes
for schooling (Angrist and Krueger, 1991, Card, 1995b), or matching between siblings or twins (see
Ashenfelter and Krueger, 1994, Ashenfelter and Rouse, 1998) have been exploited. Ashenfelter and
Rouse (1998) suggest that lower ability children benefit more from schooling, a finding also in line with
Cunha et al. (2006) for early childhood interventions. This is consistent with pg, < 1 for childhood
investments.?®

Importantly, however, the Hicksian complementarity can change over life, as suggested by the
structural literature on human capital formation (see among others Cunha et al., 2005, Cunha and
Heckman, 2007, 2008), so that estimates for primary and secondary schooling could be of limited use
for the analysis of higher education or job training. Several studies show that college education might
mostly benefit already able students, implying that py, > 0, and that py, > 1 is possible. Cunha et al.
(2006) (hereafter, CHLM, 2006) estimate that the return to one year of college is around 16% at the
5" percentile of the math test scores distribution, as opposed to 26% at the 95™ percentile. There
is only scarce evidence on the complementarity between on-the-job training and ability, but the same

authors show that on-the-job training is mostly taken up by those with higher AFQT scores, which

38 However, since schooling — as well as college and job training — builds the two stocks of human capital z and s, this
finding could be explained by several configurations of the parameters py, and pg.,.
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might, all else equal, signal that they have a higher marginal return from it.* The OECD (2004)
reports that training mostly benefits skilled workers in terms of higher wages, but benefits low-skilled
workers in terms of job security. Huggett et al. (2011) use a multiplicatively separable functional form
for the wage in their structural model of time investments in human capital (implying p,, = 1), which

generates a lifecycle path of earnings that matches the data well.

5.2 Calibration

Calibration to US data: To calibrate the model, I construct a “baseline economy.” The baseline
economy has the same primitives as in Section 2, but no social planner and, hence, no optimal tax
system. Instead, the linear labor taxes, capital taxes, and human capital subsidies are set to their
current averages in the US. Public and private subsidies in the US cover around 50% of total resource
costs of formal higher education. However, in the model, human capital expenses are a comprehensive
measure, including all types of formal and informal investments, and some mostly unsubsidized ex-
penses (e.g.: textbooks, computers). In addition, there are practically no subsidies beyond the initial 4
years of higher education. Hence, the linear subsidy in the baseline model, applicable to all expenses,
is reduced to 35% for the first 2 periods and to 0 thereafter.’’ The linear labor tax rate is set to 13%,
and the savings tax to 25%.11 Agents can borrow and save at a constant interest rate, subject to a debt
limit. In this baseline economy, some parameters are set exogenously based on the existing literature,
while others are set to endogenously match two key moments from the data, namely, a wage premium
and a ratio of human capital expenses to lifetime income, as explained in more detail next.
Functional Forms: Agents live for T' = 30 periods, each representing roughly 2 years of life. They

work for 20 periods and spend 10 years in retirement. Preferences during working life are given by:

u(c st,0;) =1lo (c)—E _u k>0,v>1
ts Yt, St, Ut) = 108 (Ct ~ wt(G,s) 3 y Y

During retirement, utility is simply @ (¢;) = log (¢;). The aforementioned literature seemed to indicate
that py, > 0. Given the uncertainty about the magnitude of this parameter though, one of the goals
in the simulations will be to explore different values, and, in particular, how the results depend on

whether it is above or below its critical threshold of 1. To this end, the wage is assumed to be CES

wy (0,8) = (01_” + cssl_p) =7 (36)

3971t is also not evident that the test scores used as measures of “ability” are themselves exogenous, especially at later
ages.

40Gee indicators B, in OECD “Education At A Glance, 2013.”

“10nly interest income and short term capital gains are taxed at ordinary income rates. Taxes on a lot of dividends
and long term capital gains stop at 20% (plus possibly 2.9% for the new Medicare tax above $250K of total income, and
various state taxes).
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with a constant parameter py, = p, where c; is a scaling factor. T'wo values of p are studied in the main
text, namely, p = 0.2 and p = 1.2, with additional values considered in the Computational Appendix.*?

The cost function of human capital contains an adjustment term and takes the form:

2
My (si-1, 1) = cier + ca <et>
St—1
with ¢; and ¢, the linear and the adjustment components of cost. Consistent with the high persistence
in earnings documented in Storesletten et al. (2004), ability is assumed to follow a geometric random
walk:
log 0; = log0;—1 + ¢,

with ¢, ~ N <—%ai,ai> .

Ezxogenously calibrated parameters: The baseline model has v = 3 and k = 1, which implies a Frisch
elasticity of 0.5 (Chetty, 2012). The discount factor is set to § = 0.95, and the net interest rate to 5%.
The adjustment cost is normalized to ¢, = 2. There is large variation across empirical estimates of the
variance of productivity ai. A medium-range value of 0.0095 (Heathcote et al., 2005, hereafter HSV
2005) is adopted. Although the qualitative features of the solution are unaffected for a wide range of
parameters, the quantitative results are. Therefore, several alternative calibrations are explored in the
online Computational Appendix.

Endogenously matched parameters: The scaling factor for human capital ¢, and the linear cost
parameter ¢; are set to match two statistics in the data: a wage premium and a ratio of human
capital expenses to income. One complication which arises is that the model does not a priori restrict
investments to occur only during the traditional “college” years. Indeed, one of the motivations for
this study is the lifelong nature of human capital investments. However, most available estimates for
wage premiums in the literature are for college education, with scarce evidence on job training. This
difficulty can be overcome by redefining “college” appropriately for the model. Following Autor et al.
(hereafter AKK, 1998) who find 42.7% full-time college equivalents, the top 42.7% in the population of
the baseline economy, ranked by educational expenses, are assumed to represent the real-life college-
goers. Their average wage relative to the bottom 42.7% is set to match the wage premium for college
estimated in the literature.*> These estimates range from 1.58 in Murphy and Welch (1992), to between
1.66 and 1.73 for AKK (1998), and above 1.80 in Heathcote et al. (2010). The calibration targets a

mid-range value of 1.7.

2 Parameter p affects the scale of the wage. To make the two values of p most comparable, for p > 1, the CES form
-
used is instead: we (6, s) = (077" + css”7') P T with p = 1.45, which implies p,, = (%) =1.2.
3 The middle 14.6% are omitted to clearly delineate between college-goers and others. Indeed, because of the continuous
investments in the model, there is no sharp distinction between “college” and “no-college,” and in particular, no notion

of “a degree.”
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Turning to the second target, the net present value of higher education expenses over the net
present value of lifetime income in the data is 13%.* However, since agents invest beyond traditional
college years in the model, there needs to be an allowance for later-in-life investments. It is assumed
that college costs represent 2/3 of all lifetime investments in human capital, so that the target ratio of
the net present value of lifetime human capital expenses and the net present value of lifetime income
is 19%. Table 1 summarize the resulting parameters.

Using the computed policy functions, a Monte Carlo simulation with 100,000 draws is performed
for each value of py,. The initial states are set to yield a zero present value resource cost for the
allocation. This ensures comparability across simulations, and gives a sense of outcomes achievable

without outside government revenue.

\ Definition \ Sim 1 \ Sim 2 \ Source/Target

Ezogenously calibrated or normalized

p Hicksian complementarity | 0.2 1.2 CHLM (2006)

K Disutility of work scale 1 1

~ Disutility elasticity 3 3 Chetty (2012)

U?p Variance of productivity 0.0095 | 0.0095 | HSV (2005)

T | Working periods 20 20

T, | Retirement periods 10 10

16} Discount factor 0.95 0.95

R | Gross interest rate 1.053 1.053

Endogenously calibrated in baseline economy

cs | Scale of HC' in wage 0.09 0.1 Wage premium
(AKK, 1998)

¢; | Linear cost 0.5 0.5 (OECD, 2013,
US Dept. Educ, 2010)

TABLE 1

5.3 Results

A brief note on the presentation of the wedges is required. When agents are at the corner solution of
no investment, which occurs in the baseline calibration for most simulated paths approximately after
period 13 (after 26 years), the subsidy is indeterminate, as long as it remains below an upper bound
that does not induce agents to invest. Hence, the policy function for the gross wedge is set to zero for
agents after they stop investing.*®> To make it most comparable to an explicit subsidy, it is presented

as a fraction of the marginal cost, i.e., 75:/Cj (et) .

The optimal gross and net wedges as functions of py, : Figure 1 presents the human capital

1 Computed using data on attendance at different types of colleges and costs (Chang Wei, 2010 US Department of
Education, OECD, 2013). See the detailed calculations in the online Computational Appendix. For an earlier period,
Caucutt and Kumar (2003) find a slightly lower number of 12%.

4>The net wedge cannot be innocuously normalized to zero; hence, when agents no longer invest, it is set to the right
hand side in (19), a level that will not artificially induce agents to invest.
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wedges. For this figure only, the focus should be on periods t < 13, as many agents no longer invest in
human capital later in life, and wedges are normalized thereafter, as just explained. The theoretical
results from Section 4 are illustrated here: First, panel (a) shows that the optimal wedge on human
capital is higher and grows faster when human capital has a positive insurance or redistributive effect
(pps < 1). When py, = 0.2, the wedge starts from 1% and grows to 19%; for py, = 1.2, it instead starts
at -2% and grows to only 13%. Panel (b) illustrates that with pg, = 1.2, the net subsidy is negative, so
that human capital expenses are made less than fully deductible. Conversely, when pg, = 0.2, human
capital expenses are subsidized on net beyond pure deductibility. The comparison between panels (a)
and (b) once more highlights that the true incentive effect is different from the gross wedge when there
are several wedges present. Finally, the net subsidy is growing when pg, < 1 and declining otherwise,
as seen in the drift term of formula (30).

However, the net wedges are very small. Hence the overall system remains very close to neutrality
with respect to human capital expenses. Put differently, full dynamic risk-adjusted deductibility is very

Y

close to optimal.*6 This is akin to a “production efficiency” result: human capital is an intertemporal
decision, with persistent effects, and distorting it for redistributive or insurance reasons is relatively
costly (see also Diamond and Mirrlees, 1971, Chamley, 1986, and Judd, 1985) unless the redistributive
or insurance effects are very strong.

Because of this, the values chosen for the complementarity between human capital and ability and
for the volatility of ability clearly matter. Moving further away from a multiplicatively separable wage,
i.e., increasing the complementarity coefficient further away from 1 in either direction, leads to larger
net wedges in absolute value. Similarly, a higher volatility increases the value of insurance and yields a
higher optimal net wedge if human capital has a positive insurance value (pg, < 1) and a lower optimal
net wedge if not. Unfortunately, the estimates of these parameters from the literature are surrounded
by large uncertainty. Therefore, the online Computational Appendix provides alternative calibrations.

The production efficiency result also stems from the fact that the government jointly optimizes the
full system, and insurance can also be achieved through the labor wedge. In particular, the planner
is able through transfers to endogenously relieve “credit constraints,” which might be motivating high
7

subsidies in the real world, without having to distort human capital acquisition at the margin.*

In addition, absent from this model are positive spillovers from human capital on growth, political

*0The gross wedge is correspondingly smaller than 50% real world subsidy. Bear in mind, however, that the gross wedge
here is more comprehensive, as it covers all human capital expenses, even those unsubsidized in the real world, and is
available throughout life, not exclusively for college years.

T A related reason is that, although it is optimal to invest more in human capital early in life in the model, there is no
sharp exogenous constraint which forces investments to occur exclusively during college years. In practice, it seems that
the signaling value of a college degree makes it critical to acquire human capital in a very concentrated manner at the
beginning of working life.
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stability, or social cohesion, often studied in the literature, and pointed to by policy makers as reasons
to subsidize education. Finally, the belief about py, held by policy makers, and ultimately, society,
could be very different from the current estimates of py, in the literature. In particular, one way to
rationalize the higher subsidies in the real world is that human capital is believed to have very strong
redistributive and insurance values, and strongly benefit lower ability people. If the model is taken
literally, a very negative py, would be needed. Related to this, education is often perceived as a basic

human right.

Figure 1: Average human capital wedges over time
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Dashed lines mark the time after which most agents no longer invest in human capital. (a) The gross wedge is higher
and grows faster when human capital has positive redistributive and insurance effects (py, < 1). The wedge is
normalized to zero for zero investment (a corner solution). (b) The provision of dynamic incentives also creates a value
for insurance. If p,, < 1, human capital has positive redistributive and insurance values, and expenses are subsidized on
net at a rising rate. Conversely, if p,, > 1, expenses are only partially deductible, and deductibility decreases over time.

Optimal labor wedges: Figure 2 panel (a) explains why the gross and net human capital wedges
differ so starkly: the optimal labor wedge rises over time to provide insurance against widening income
dispersion, and a large part of the growing human capital wedge merely goes towards compensating
for this growing disincentive to accumulate human capital. The labor wedge is compared to the one in
a standard dynamic taxation model without human capital, in which the wage is equal to exogenous
ability, wy = 0;. As is intuitive, the wedge grows slower in the presence of human capital, particularly
when pg, < 1. The labor wedge has a disincentive effect on human capital acquisition, which is
undesirable, and the more so when human capital itself has positive insurance and redistributive

effects (pp, < 1).

Optimal capital wedges: Figure 2 panel (b) plots the capital wedge over time. It starts at 0.5%

of the gross interest on savings, which corresponds to a 10% tax on net interest, and declines to zero.®

8 The equivalent tax on net interest, 7 solves (14 (R —1) (1 — 7)) = R(1 — Tkt).
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Figure 2: Average labor and capital wedges over time
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“No HC” denotes the case without human capital. (a) The labor wedge — which represents a disincentive for human
capital investments but also insures agents against risky human capital returns — grows slower over time in the presence
of human capital, the more so if human capital has positive redistributive and insurance effects (p,, < 1). (b) The

capital wedge is still positive, but lower in the presence of human capital.

The capital wedge arises at the optimum from the inverse Euler equation in (24), and is a standard
feature in dynamic moral hazard models, in which savings are complementary to future shirking.
However, savings are less distorted in the presence of human capital. One possible intuition for this
is that human capital investments improve productivity in the future, which to some extent counters
incentives to shirk. The capital wedge without human capital is 0.7% of gross interest, equivalent to

14% of net interest.

Subsidy Smoothing: Figure 3 plots the net subsidy in period ¢ against the net subsidy at ¢t — 1,
for young adults (¢t = 5 in panel (a)), and for middle-aged workers (¢ = 13 in panel (b)). Earlier
in life, the net wedge is more volatile from one period to the next, but becomes more deterministic
over time, leading to a “subsidy smoothing” result. The dynamic taxation literature has highlighted
a similar “tax smoothing” result for the labor wedge, which also applies in the presence of human
capital (see the online Computational Appendix). The intuitions for these results are the same. A
persistent productivity shock early in life has repercussions over many periods, leading to a larger
present value change in the income flow than a later shock. Consumption in early years will react
strongly to unexpected changes in ability, as the agent attempts to smooth out the shock. Accordingly,
the variance of consumption growth is initially large, but decreases to zero over time. The drift term
in the net subsidy formula (see (30)), which is proportional to the covariance between ability and

consumption growth, tends to zero towards retirement. Then, only the autoregressive term of the
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random walk remains.

Figure 3: Subsidy smoothing over life
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The net human capital wedge becomes more correlated from one period to the next as age increases, because the

variance of consumption growth, which drives changes in the subsidy over time, vanishes. Figures are for p,, = 0.2.

Allocations and Insurance: Figure 6 plots the average allocations over time. Average human
capital investments are almost flat and highest early in life, before declining with age. Mean consump-
tion is constant, a result due to the Inverse Euler equation in (24), and log utility with g = %, which
imply that consumption is a martingale: F;_1 (¢;) = ¢;—1. Mean output is increasing, despite the rising
labor wedge, because of the growing productivity of agents driven by their endogenous human capital
investments.

Figure 4 panel (a) shows that lifetime spending on human capital is more tightly linked to lifetime
income when human capital disproportionately benefits high ability agents. The causality goes both
ways: higher ability agents both acquire more human capital and earn more. In turn, human capital
increases earnings even further. When pp, > 1, both effects are amplified. However, the fact that
higher ability people also acquire more human capital does not mean that there is no insurance. Panel
(b) highlights the extent of lifecycle insurance at the optimum by plotting the net present value of
lifetime spending (consumption plus human capital expenses) against the net present value of lifetime
income. Clockwise pivots of the line represent higher insurance.

Finally, figure 5 describes the cross-sectional variances of output, human capital, consumption,
and ability over time. The variance of output is driven not only by stochastic ability, but also by
differential investments in human capital at different ability levels. Output is much more volatile than
consumption. Hence, pre-tax income inequality grows at an increasing rate, but the provision of insur-

ance prevents this from translating fully into consumption inequality. In addition, while consumption
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Figure 4: Human Capital and insurance over the life cycle
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(a) Lifetime income is positively correlated with lifetime human capital expenses, the more so when p,, > 1. There is a
two-way causality: Higher ability people both acquire more human capital and have higher earnings potential. At the
same time, human capital increases earnings.

(b) The figure shows the present value of consumption and human capital expenses against the present value of lifetime
income. The laissez-faire outcome is represented by the 45 degree line. Clockwise pivots of the line represent more
insurance.

Figure 5: Variance and Risk
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The figure shows cross-sectional variances over time. Qutput is more volatile than consumption. Its volatility grows at
an increasing rate, driven both by ability shocks and differential investments in human capital. But pre-tax income
inequality does not fully translate into consumption inequality. All outcomes are more volatile when human capital has
a negative insurance value (py, > 1).
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Figure 6: Allocations
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Agents optimally invest in human capital early in life. Consumption is a martingale; hence, average consumption is
perfectly flat. Output and consumption are higher when human capital disproportionately benefits higher ability agents.

variance grows, it does so at a decreasing rate, echoing the tax and subsidy smoothing results described

above.

Progressivity: Figure 7 show the implicit progressivity of the labor wedge, by plotting 71, against
the contemporaneous productivity shock, 6¢, at t = 19. When py, > 1, the labor wedge is regressive in
the short run, which is true for a similar parameterization of the problem without human capital. On
the other hand, when py, < 1, the labor wedge exhibits a short-run progressivity.

The reason for this reverse pattern is that both the labor wedge and the net subsidy are tools
to insure against earnings risk. Along the optimal path, they need to evolve consistently, according
to the “modified inverse elasticity rule” in (26). The labor wedge always has positive insurance and
redistributive effects. The same is true for the net subsidy only if pg, < 1. Accordingly, the two
instruments co-move positively when py, < 1 and negatively when py, > 1. The net subsidy is always
regressive when pg, > 0 because higher ability people benefit more from human capital (see figure 8
for t = 13). The labor wedge will hence exhibit the inverse relation when py, < 1 (which is equivalent
to a progressive labor wedge). Despite any short-run regressivity, the system is progressive overall and

does provide insurance, as was shown in figure 4.

6 Implementation

The wedges, as functions of histories of types, do not immediately translate into explicit taxes and
subsidies on income, human capital or savings. This section considers the implementation of the opti-

mal allocations using decentralized instruments. For clarity, the focus is on educational expenses only,
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Figure 7: Progressivity and regressivity of the labor wedge
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The labor wedge exhibits short-run progressivity when p,, < 1, but short-run regressivity when p,, > 1.

Figure 8: Regressivity of the net human capital wedge
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The net wedge is always regressive in the short run, but more so when py; > 1.
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but observable training time can be added as an additional conditioning variable. The first implemen-
tation is through income contingent loans (hereafter, ICLs), which are compared and contrasted to
certain types of ICLs currently used in several countries. The second is through a Deferred Deductibil-
ity scheme, which can be applied in the special case when shocks are independently and identically

distributed.

6.1 Income Contingent Loans

Before presenting the ICLs, the decentralized economy is described and some notation introduced. In
the decentralized economy, agents choose their human capital expenses e;, income y;, and savings b;
in a risk-free account at a gross rate R. Initial wealth is zero and initial human capital is so.* The
government can observe and keep record of the histories of consumption, output, human capital, and
wealth.

Denote by mj (Ht) the optimal allocation of the social planner’s problem after history 6 for any
choice variable m € {c,y,b, e} (the Appendix shows how to construct them from the recursive alloca-
tions derived above). For any history ' and subset of variables m C {c,,b, e}, let Q% (#*1) be the
set of values for these variables at time ¢, which could arise in the planner’s problem after history %71,
i.e., such that for some § € ©, m; = mj} (0"/*1,9). For a history of observed choices m', denote by
o' (mt) the set of all histories 6" consistent with these choices, i.e., all " such that ms = m? (6°) for
all s <t. Assumption 3 guarantees that in the planner’s problem, the histories (yt, et) can be uniquely

inverted to identify the history of abilities, 6.
Assumption 3 ©! (yt, et) is either the empty set or a singleton for all histories (yt, et).

In the proposed ICL scheme, loans are combined with a standard income tax based on contempo-
raneous income Ty (y;), and a history-independent savings tax Tk (b;). In each period, the agent is
offered a government loan L; (e;) as a function of his human capital expenses, and is required to make
a history contingent repayment D; (Ltfl, vl ey, yt), as a function of the full history of past loans and
earnings, as well as current income, and human capital expenses. The agent’s problem is then to select

the supremum over {ct (Ht) ) Ut (Gt) , by (Qt) , €t (Gt) }ef in:

“9Tnitial wealth and human capital can be heterogeneous as long as they are observable, and will enter the proposed
repayment schedule as additional conditioning variables.

36



_ a t Yt (et) t t
Vi (bo,00) = SuP;/ [“t (ct (0 )) — ¢ (wt (eust—l (etfl) ¥ e (Qt))> P (9 )d9 (37)
st 0 (6) + 5 (0) + My (e0 (6)) — by (67 = L (e (6°))
< =

ye (07) = Do (L7 (070) sy 7 (07 0) e (07) e (0%)) — Ty (e (0)) — T (01 (97))
St (Ht) = 841 (9#1) + e (Ht) , So given, ey (Gt) >0,bp=0,b7r >0

The construction of the ICL schedule, explained formally in the Appendix, is intuitively as follows.

First, the loan is set to exactly cover the cost of human capital:
Lt (et) = Mt (615) Vt, Vet (38)

The savings tax Tk (b;) is constructed to guarantee zero private wealth holdings.’® The repayment
schedule D and income tax Ty are such that, along the equilibrium path, the optimal allocations from

the social planner’s problem are affordable for each agent after all histories, given zero asset holdings:
Dy (L6 (01,0) o (01,0)) + Ty (u7 (672,6)) = 5 (01,0) — < (6,6)

for all (Ltfl,ytfl) such that =1 ¢ ©t1 ({]\41_1 (Ll),...,]\é[t__l1 (Lt_l)} ,ytfl) # (), and all § € O,

=1 is inverted from L!~! using (38). The repayment schedule on off-

where the history of education e
equilibrium allocations — those allocations which are not optimally assigned to any type in the social
planner’s program — is set to be sufficiently unattractive, to ensure that agents do not select them.
Intuitively then, conditional on entering a period with no savings, and with a given history of loans
and output, agents only face the choice of allocations available in the planner’s problem after ability
histories which, up to this period, are consistent with the observed choices. By the temporal incentive
compatibility of the constrained efficient allocation, they will choose the allocation designed for them.

This set of instruments defines a decentralized allocation rule, which, to an agent with past history
(Lt_l, yt_l) , assigns an allocation:

{ét (Lt_lv yt_lv et) ; Z~7t (Lt_la Z/t_17 et) ) I;t (Lt_17 yt_1> Qt) ) ét (Lt_lv yt_lv et) }t 0
Ut

The equilibrium allocation as a function of ability histories {é (Ht) i (Ht) ,E(Ht) , € (Qt)} can be de-

duced from the decentralization rule using the recursive relation:

my (Ht) = 1y (Lt_1 (Qt_l) Lyttt (Gt_l) ,0;) for m € {c,y,b, e}

*0The construction in the Appendix builds on Werning (2007), who shows also that the savings tax can be redefined
to implement non zero savings, at the expense of modifying the repayment schedule. The repayment scheme could also
allow for private savings, and directly condition on their history (b*7'). See the next implementation proposed, with
non-zero private wealth holdings.
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where 0171 € ¢! ({Ml_l (L1) .y MY (Li—1)},¥""!) is unique by assumption 3. The decentraliza-
tion rule is said to implement the optimum from the planner’s problem for a given set of promised
utilities (U (0))g if, for all ¢ and 6", the decentralized allocations under this rule coincide with the social

planner’s optimal allocations, i.e., 17 (Gt) =mJ (Gt) for m € {c,y,b,e}.%!

Proposition 5 The optimum can be implemented through human capital loans Ly (ey), with repay-
ments Dy (Lt_l,yt_l,et,yt), contingent on the history of loans and earnings, current income, and
human capital expenses, together with a history-independent savings tax Tk (bt), and an income tax

on contemporaneous income Ty (yy).

Income Contingent Loans: Figure 9 illustrates the implementation through ICLs, by plotting
the average loan received and average consolidated payment made as a fraction of contemporaneous
income. The loan received naturally declines over life, as less human capital investments are needed.
The repayment rises as a fraction of income until late in life, illustrating the insurance provided by
the contingent repayment schedule and the increasing ability to pay over life, driven by human capital
investments.

Figure 10 further highlights the insurance role of the repayment schedule, by showing a snapshot
of repayment, as a fraction of income, against the contemporaneous realization of the productivity
shock, at an arbitrarily chosen time (¢ = 15). Repayments increase on average in higher productivity
states and decrease in lower productivity ones. The income-history contingent nature of repayments
is clearly seen in their large dispersion at a given 6;: repayments depend on the full past, not only on
current productivity. Indeed, a positive productivity shock is correlated with higher repayments over

several future periods.

6.1.1 Comparison of the Proposed Implementation to Existing ICLs

Certain types of ICLs for college education are used in several countries, including the US, New
Zealand, Australia, the UK, Chile, South Africa, Sweden, and Thailand, and have been growing in
popularity as a tool to reduce public spending on education, while guaranteeing equality of access, and

providing partial insurance in economic hardship (see Chapman, 2005, for an empirical overview).’?

5Tn the planner’s problem, savings are indeterminate when consumption is controlled, and without loss of generality,
agents could be saving zero.

2In the US, an important rationale seems to have been the fear that fixed repayment loans would discourage students
from careers in the lower-paying public sector (Brody, 1994). The first schemes introduced in 1994 were Income Contingent
Repayments (ICRs) for public sector jobs. In 1997, the College Cost Reducation and Access Act (CCRAA), introduced
Income Based Repayment (IBR) beyond public sector jobs. Australia is one of the success stories since 1989 with
its nationwide scheme (“Higher Education Contribution Scheme”) that automatically enrolls students in an ICL, with
repayments collected directly through the tax system.
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Figure 9: Income history contingent loans
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Figure 10: Insurance through contingent repayments
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The repayment schedule provides insurance: repayments are higher when productivity realizations are higher. The
history-contingent nature is seen in the dispersion of the repayment at a given contemporaneous ability realization.
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The loans sometimes depend on the level of education acquired, the type of degree or field, and are
indexed to the costs of education, which mirrors the proposed loan above. In several countries, such as
Australia or New Zealand, repayments are directly collected through the tax system, as in the optimal
integrated system suggested. The coercive tax power of the government is required, together with full-
commitment to announced policies, to prevent agents from dropping out ex post after the realization
of their incomes. This is made clear by the prominent failure of the so-called “Yale Plan,” an attempt
at risk-pooling within cohorts of students by Yale University in the 1970s. Because more successful
earners would ex post face higher repayments, and hence cross-subsidize less successful ones, the plan
suffered from a typical adverse selection problem: students with the best earnings prospects did not
join or dropped out (Palacios, 2004).

There are four main differences between the ICL proposed here and existing ones. First, in the
real world, the total present value of repayments is closely linked to the amount borrowed, except for
subsidized interest rates or exceptional loan forgiveness. In the model, repayments are consolidated
repayments for all past loans and need not, in any way, be equal to the total loan amount for a given
agent; there is an implicit subsidy or tax fully integrated into the optimal system. Second, in ICL
schemes observed in practice, the focus is almost exclusively on the downside, so that repayments can
be deferred or forgiven in times of economic hardship. The optimal scheme is also focused on the upside,
with repayments potentially increasing after a good history of earnings. Third, loans are optimally
made available throughout life — not only for young adults in University — for instance, for expenses
related to job training or continuing education. Fourth, the optimal repayment schedules depend not
only on current income and the outstanding loan balance, but rather on the full history of earnings and
past loans.®® There is very little history-dependence in real-world ICLs, possibly with the exception of
Sweden, which uses a two-year averaging of earnings to determine repayments. Interestingly, there are
other real-world policies which exhibit exactly the kind of history dependence which is required, for
instance, social security and some types of tax-free savings accounts. However, the numerical analysis
below shows that the gain from history-dependent policies, relative to simpler history-independent (but
age-dependent) policies is not very large for the calibration chosen, implying that history-independent

ICLs might be close to optimal.

6.2 Implementation with iid Shocks and Wealth Dependence

A natural question is when the history dependence of the optimal policies proposed above can be

reduced. In the special case of independently and identically distributed (iid) shocks, wealth and the

33In particular, the sum of past loans is not a sufficient statistic for the full sequence of loans L'~*.
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starting stock of human capital each period can serve as sufficient statistics for the full past. This
yields history-independent policies, explored in this subsection. A similar implementation for physical
capital, in the absence of human capital, is studied in Albanesi and Sleet (2006).

The recursive problem with iid shocks is nested in the formulation in section 2, if the states 6;_;
and A;_1, which account for persistence, are omitted and the distribution of shocks is f (#) each period.
Allocations can be expressed as functions of the reduced state space (vi—1,s¢—1) for each 6, and the
government’s continuation cost is K (vi_1, s¢—1,t).

The decentralization rule with iid shocks and taxes: For this implementation, interpret
the initial ability #; as uncertainty, like all other shocks 6;, rather than intrinsic heterogeneity.”* The
government selects an initial promised utility U;. All agents again start with the same human capital
sp, and receive an initial wealth level by assigned by the government.”® The government also sets
borrowing limits b,, and wealth is constrained by b; € B; = [b;, 00). The proposed decentralization rule
allocates (ét, Ut Bt, ét) to each agent type, following some mappings from observed initial wealth b;_;

and human capital s;_1:
Ct,Ut, €1 : Bi—1 xRy x© — Ry andlA)t:Bt,lxR+><9ﬂBt

Starting from an initial wealth level by, the recursive decentralization rule can be mapped into a
sequential allocation for all 6.

Let Vi (b,s) denote the value of an agent with beginning-of-period wealth b and human capital
s. A decentralization rule (ét,g]t, l;t, ét) , an initial assignment of wealth by, a sequence of borrowing
limits {bt}tT:p and initial human capital level sg form a decentralized equilibrium if, in all periods,

(ét, Ut, by, ét> attains the supremum in the agent’s problem in (39) :

Vi) = sw [ (ut<c<e>>—¢t(w(y(9))+5m+l<b’<9>,s+e<9>>)f<e>de (39)

c,y,b e 07 s+e (0))
1
s.t: c(0) + My (e (0)) + Ebl 0)=y(0) =Ty (b,s,y(0),e(d)+b VO
c,y,e 1 O —=Ryand b : 0O — By = [b,00) with Vi1 =0, by = 0.

A constrained efficient allocation from the planner’s problem is implemented as a decentralized
equilibrium if it arises as an equilibrium choice of agents in the above problem, and delivers expected

lifetime utility V (b, so) = Us.

¥ This incidentally makes the model directly comparable to Albanesi and Sleet (2006). Unlike Atkeson and Lucas (1995)
and Albanesi and Sleet (2006), the analysis is in partial equilibrium analysis, with agents, as well as the government facing
a constant gross rate R.

3 This distribution of initial wealth need not be degenerate if there is a non-degenerate distribution of initial utility
promises, from which we abstract here.
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Proposition 6 If 0 is iid, the optimum can be implemented in an economy with borrowing constraints,
an initial assignment of wealth, and an income tax schedule Ty (bi—1, Si—1,Yt, et) that depends on the
beginning-of-period wealth and human capital stocks, as well as on contemporaneous income and human

capital investment.

The intuition for this result is that, conditional on human capital s;_1, there is a direct mapping
between the social planner’s cost of providing the optimal allocation to an agent with promised utility
v;—1 and the beginning-of-period wealth b;,_1 of the agent in the decentralized equilibrium. That is,
for all (vi—1,s:-1), there is an associated wealth level b;_1 = K (v4—1, s;—1,t). Taxes are designed such
that the problem of an agent starting with wealth level b;_1 = K (v4_1, s;—1,t) and human capital s;_;
is the dual of the planner’s problem with promised utility v;—1, facing an agent with human capital
S¢—1-

This recursive implementation allows a relatively simple map between the derivatives of the pro-
posed tax function T; and the optimal wedges. Let 714 (vi—1,8:—1,0¢) and 7g¢ (v4—1, S¢—1,0¢) stand for
the labor wedge and the gross human capital wedge (as defined in (15) and (17), respectively) evaluated
at the optimal allocation for (v;_1,s;-1,60;). The labor wedge is immediately linked to the marginal
income tax through:

8Tt (K (Ut—la St—1, t) y St—1, y;:k’ ef)
Oyt

Trt (Ve—1,5¢—1,0¢) =

with y; = y; (vi—1, 8¢-1,60:), and ef = e} (v4—1, S¢—1,0:) the optimal allocations from the planner’s

problem. The human capital wedge is linked to the marginal subsidy more indirectly:

—0T; (K (v— _1,t _1,y5,ef / H 0T, 0T,
Tt (Vio1, 50-1,04) = ¢ (K (ve—1,8¢-1,1) , S¢—1, Y], €F) + BE, (Ut+1 (Ct+1) ( t+1 t+1))

Oet uy (cf) derr1  Osy
where ¢f = ¢f (vi—1,5¢-1,0t), ciy1 = ciyq (VF, 801 +€f,0i11), and Tip1 = Typq (by, St,Yer1,€41) is
evaluated at:
vy =v) (Ve—1,8¢-1,0t), b=K (v, s-1+ef,t+1) sg=s1-1+¢€
Yer1 = Y1 (0, se-1 +ef, 011), err1 = e/ (v, 8t-1 + e, 0441)
The wedge is not in general equal to the marginal subsidy, that is, the expected reduction in tax

from an incremental investment in human capital. A positive wedge does also not necessarily imply a

positive marginal subsidy. This can be made clear by rewriting the wedge as:

/ /
Tor= — <8Tt> tE </Bu:j,-1) E, <3Tt+1 B 3Tt+1> 4 Cow <5“t4/r1 Ol 8Tt+1>

Oe; | ety 0s; u,  Oepyq 0s¢

A positive wedge on human capital can be engineered either directly through expected positive

marginal subsidies, or, instead, more indirectly through the risk properties of the optimal tax schedule.
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OTry1  OTiqa

derit Dor ) is high when marginal utility of

If the marginal tax reduction from human capital (
consumption is high, human capital is a good hedge, and the covariance term is positive. It is then

possible in theory that the overall wedge is positive even if expected marginal subsidies are zero.’¢

Means-tested Human Capital Grants with iid shocks: As an immediate corollary of Propo-
sition 6, the tax system can instead be reformulated as a means-tested grant. In period ¢, the agent’s

assets and stock of human capital are verified, and he receives a grant such that:
Gt (Yt, etlbe—1, st-1) = =T (bt—1, St-1, Y1, €t)

Means-testing based only on contemporaneous assets and income is hence optimal if shocks are iid.
It is interesting that, although formally just a reformulation of the tax from Proposition 6, means-
tested grants for higher education are very common in many countries, while wealth contingent income
taxes are not. In the US for instance, Pell grants take assets as well as contemporaneous income into

account.’’

ICLs with iid shocks: The implementation through ICLs from subsection 6.1 can be modified
to use wealth instead of the full history of earnings and loans to determine the repayments (hence
abandoning the savings tax proposed above). In particular, the loans are again equal to the cost of
human capital acquisition in each period, L;(e;) = M; (e;), and the wealth and income contingent

repayment schedules Dy (by—1, st—1, Y, €;), are such that:

Ty (y¢) — Lt (er) + Dy (be—1, St—1, Yt  er) = Ty (be—1, St—1, Y, €t)

This implementation is closer in spirit to the means-tested college loans, where the amount of funds
provided is conditional on the contemporaneous resources of the child or her parents, and potentially

on the highest education already attained, rather than on the history of earnings.

This subsection highlights that, while the optimal allocation derived in the direct revelation mech-
anism in section 4 is generally unique, there are many possible combinations of subsidies, loans, grants,
and income taxes that can implement it.>® If grants, repayments and subsidies were set at the appro-

priate levels, the difference between a grant-intensive and heavily subsidized education system such as

%6 See Kocherlakota (2005) for the case of savings. In Kocherlakota (2005), the income tax depends on the full history of
incomes, and wealth carries no additional information about the past. However, in general, expected marginal subsidies
are not zero. Human capital, like wealth in Albanesi and Sleet (2006), carries information value about the past, which
restricts the marginal subsidies at the optimum.

5T Again, these grants are typically limited to tertiary education only. Grants for job training exist for the unemployed
(hence, somewhat means-tested), for youth at risk (“YouthBuild” in the US), or for difficult to employ seniors (the “Senior
Aide Program”). They are most often in the form of a direct provision of training. Some programs do provide funds for
training based on need, such as the “Adult and Dislocated Worker Program” or the “Trade Adjustment Assistance.”

On the tax incentives for higher education in the US, see for instance Hoxby (1998).
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in Continental Europe, and a loan-intensive, high-tuition system as in the US might be more appar-
ent than real.®® The real focus should be on the parameters entering the optimal formulas, such as
the Hicksian complementarity pg,, which determines to what extent human capital should be subsi-
dized on net. The exact mix of instruments used is more a matter of administrative capabilities and

infrastructure, which might very well be country-specific.

6.3 A Deferred, Risk-adjusted Human Capital Expense Deductibility Scheme

This implementation directly addresses the debate about whether education expenses should be tax
deductible (Boskin, 1977, Blomquist, 1982, Bovenberg and Jacobs, 2005). It has been argued that a
true economic depreciation of educational expenses, for which the net present value of the deduction is
equal to the expense, would recover neutrality of the tax system with respect to human capital. Even
starker is the argument by Bovenberg and Jacobs (2005) that a purely contemporaneous deduction of
education expenses from taxable income is sufficient.

Assume first that py, = 1 so that the optimal net wedge is zero, and the focus is on the human
capital subsidy that aims to neutralize the distortionary effects of income and savings wedges, which
is the case most analogous to full deductibility. In this case, equation (23) must hold at the optimum.
Accordingly, if the proposed tax system Tj (bi_1,St—1,Ys, €;) is differentiable in all its arguments (at

least over the range of equilibrium path values), then it must satisfy:%°

_ 9% + BE, <U§+1 <3Tt+1 3 3Tt+1>)

Dey up \Oery1  Osy
0Ty 1 1 u; 10T
= o (Mé - 7B (M£+1)) — 5 (1= &wisa) Br (BR - ab, ) B (Mis)  (40)

On the other hand, the pure contemporaneous deductibility scheme proposed by Bovenberg and
Jacobs (2005) would imply that at all dates % = M (et) 2—2, vt.5" In this dynamic model, this is
only true for the last period of investment, T, in which agents face a static problem. In all earlier
periods, first, the true cost is not simply the static cost M], but instead the dynamic expected cost
M| — %Et( f +1). Second, there is uncertainty and risk aversion; as already mentioned above, a

positive wedge can arise if the tax burden on human capital is lower in states with high marginal

utility of consumption. Third, there is also a (stochastic) distortion to physical capital accumulation,

3 Given the discrepancies in the net cost of education in Continental Europe and the US, it is clear that the financing
systems are far from equivalent at their current levels. The argument proposed here is that they could be made equivalent
while still preserving their general structure (loans-based vs. subsidy and grants-based).

50Obtained by applying formula (23) to this tax system. See Appendix formula (58) for a rewriting.

1The discrepancy in this recommendation to the one in Bovenberg and Jacobs (2005) does not come from the restrictive
wage function assumed there, because the argument made in this subsection is for the case in which p,, = 1. It arises
instead from the dynamics and risk.
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which needs to be taken into account. The (risk-adjusted) human capital subsidy and the (risk-
adjusted) intertemporal wedge need to co-move inversely. This is because, if the tax on physical
capital increases, there is a substitution towards human capital, and a lower subsidy is needed to
stimulate it. Finally, adding back pg, # 1 would push the optimum even further away from pure
contemporaneous deductibility, as an additional net encouragement or discouragement of human capital
would be desirable.

The right way to implement full risk-adjusted dynamic deductibility, which is the optimal policy
when py, = 1, is a risk-adjusted deferred deductibility scheme. For the sake of the exposition, assume
that § = % and M/ (e;) = 1. Start from period T, in which a simple deductibility of expenses is

sufficient with — gz; = g%, and work backwards in order to rewrite the total change in the tax burden

from an incremental investment at ¢ as:

T—
o1, (1-8 Z 5i-1p, (utﬂ 10Ty 1)
8615 = ’U;t 3ytﬂ,1

oTr — o (ul [ 0T, 0T,
e () on (- )
ﬁ 8yT Zﬁ i ’Ué 8bt+j_1 88754_]'_1 ( )

Jj=1

The optimal subsidy is hence equivalent to a deferred deductibility scheme, in which a fraction (1 — j3)
of the human capital expense of time ¢t are deducted from taxable income in each subsequent period.

Intuitively, with changing income tax rates 6;?

a non-dynamic deductibility scheme would mean that
the expense of time ¢t would be deducted at time t's marginal tax rate, but the returns to this investment
would accrue in the future when the agent faces potentially different marginal tax rates. If income is
growing over time and marginal tax rates are increasing, as in a progressive tax system, there would
be insufficient incentives to invest in human capital. A poor student would see little benefit from
deducting his tuition fees from his low income, only to pay high marginal tax rates in the future. In
addition, there is a “no arbitrage” term, (the last term in (41)), which takes into account the relative
shift in the future tax schedule from more physical capital stock versus more human capital stock.
Since physical and human capital are two ways to transfer resources intertemporally, there should at
the optimum be no incentive to substitute from one to the other because of a tax advantage. If full
deductibility is not the target, (i.e., pps # 1), implementing the optimal allocation requires adding back
the optimal net subsidy each period, on top of this scheme.%?

Tax incentives in the form of deduction schemes for higher education expenses are common, but

are usually contemporaneous to the expense. In the US, the American Opportunity Credit and the

52 The linear cost is for exposition only, since we want interior solutions in general. See Appendix formula (57) for the
general case.
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Figure 11: Progressivity of the deferred deductibility scheme
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Lower income people can deduct more than they spend on human capital, while higher income people deduct less.

Lifetime Learning Credit allow families to claim a deduction up to a certain level per student per year
for college, as well as for books, supplies, and required equipment.

The deferred deductibility scheme sets the right incentives in expected, discounted utility terms.
Figure 11 illustrates that the scheme is naturally progressive and provides insurance, by plotting the
fraction of the net present value of human capital expenses that the agent cannot deduct against the
net present value of lifetime income. Lower income agents hence end up deducting more than they
actually spent on human capital, while higher income agents end up deducting less and hence implicitly

cross-subsidizing lower income agents.

6.4 Welfare Gains and Simple Age-dependent Policies

What are the welfare gains from the optimal mechanism, and how do they compare to the welfare gains
from simpler, linear, but age-dependent policies? The first line of table 2 shows the welfare gains from
the second best relative to the laissez-faire economy, with no taxes or subsidies, in which agents are
unconstrained to borrow and save at the gross interest rate R. Four cases are distinguished, according
to the value of the complementarity coefficient between human capital and ability py, and the volatility
of the productivity shock 03.63 Welfare gains are expressed as the percentage increase in consumption
which, if received every year after all histories, would yield the same gain in lifetime utility.

Although comparable, welfare gains are higher when human capital has negative insurance and re-
distributive effects (pg, > 1). In this case, the laissez-faire economy features both more cross-sectional

consumption inequality and higher consumption volatility over time, which makes the insurance from

the constrained efficient mechanism more valuable. Naturally, welfare gains are higher when produc-

53The high volatility (0.0161) is from Storesletten et al. (2004).
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tivity is more volatile.

TABLE 2: WELFARE GAINS

Pos — 0.2 Pos = 1.2
Volatility Medium | High | Medium | High
Welfare gain from second best 0.85% 1.60% | 0.98% 1.76%
Welfare gain from linear age-dependent policies | 0.79% 1.53% | 0.94% 1.74%
as % of second best | 93% 95.6% | 95.5% 98.5%

Medium volatility is 0.0095, high volatility is 0.0161. Line 1 expresses the gain from the second best, relative to the
laissez-faire economy, in terms of the equivalent increase in consumption after all histories. Welfare gains are higher when
human capital has negative redistributive and insurance values (p,y, > 1). Line 2 shows the gain from linear age-dependent
policies relative to the laissez-faire, while line 3 expresses this gain as a fraction of the gain from the second best.

Age-dependent linear policies achieve a very large fraction of the welfare gain from the second best.

Given the clear age trends in the above figures and in the optimal formulas, it is natural to compare
the full optimum to simple age-dependent policies. The policy under consideration sets the linear
human capital subsidy, the linear income tax rate, and the linear capital tax rate at each age equal
to their cross-sectional averages at that age. It is numerically challenging to precisely optimize over
age-dependent tax rates, given the number of periods and the presence of three instruments; hence,
this procedure delivers a lower bound for the welfare gains. It turns out, however, that even this
lower bound is very tight. Indeed, the third line in table 2 shows that welfare gains as a fraction of
the second best gains range from 93% for a low-volatility and low py, case to a surprising 98.5% for
a high volatility and high py, scenario. This suggests that — for these particular calibrations — the
history-dependent policies can be informative about simpler, history-independent policies, and that
the bulk of the gain comes from the age-trend of optimal policies.%*

These findings are reminiscent of Mirrlees’ (1971) conclusion that static optimal income tax sched-
ules appear close to linear. They also echo closely recent findings from the dynamic taxation literature

(Farhi and Werning, 2013), suggesting that the addition of human capital per se does not change this

result.

7 Extension: Unobservable Human Capital

Until now, human capital was observable to the government, which might be a strong assumption under
some circumstances. This section considers unobservable human capital investments, and focuses on

how optimal policies are adjusted relative to the observable case. It starts with a simplified version of

4 A word of caution is needed. Given the order of magnitude of 10e-5, it is actually very challenging to estimate these
welfare comparisons between the second best and age-dependent policies precisely, especially over longer horizons. The
numbers should only be taken as evidence for small welfare gains, not precise welfare calculations. The author is currently
studying which other factors are most important for the welfare gains. For instance, stepping away from log utility and
from a log-normal process for 6 can increase welfare gains.
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the model without training, but with unobservable human capital expenses. An augmented program is
set up, in which the agent’s human capital choice needs to be incentive compatible, in addition to his
labor effort and type revelation. This combines dynamic moral hazard models with hidden savings and
models with hidden persistent types,%> both of which unobservably modify the agent’s future response
to incentives. Then, the complete model is analyzed, assuming that training time is not observable,
but human capital expenses are. In this case, consumption is again controlled by the planner, and

hidden training is akin to an unobservable effort with persistent effects over time.

7.1 Unobservable Monetary Investments in Human Capital

7.1.1 Planning Problem

When monetary investments in human capital are unobservable, the planner can no longer directly
control consumption ¢;. However, savings or physical capital investments remain observable, and hence
the planner controls total financial resources transferred to an agent each period. The agent can both
misreport his type and spend a different amount on human capital than the planner would choose. As
in subsection 3.1, a reporting strategy r = {rt (Gt)} specifies a report after each history. In addition,
a human capital strategy o = {st (Ht)} specifies human capital choices. The planner allocates output
Y (rt) and resources, denoted by c® (rt), as functions of the history of reports by the agent. The
agent then unobservably chooses his human capital investment s (Qt). Hours of work are determined
residually by [ (rt) =y (rt) Jw (Ht, S (Ht)) . The continuation value after history ' from reporting and

human capital strategies r and ¢ can be written as:

7(0") =g (c(r' (0"),s¢ (0%) ,s0-1 (0°71)))—oy (wt (gt 50 (0 >+5/ (0"T1) £ (0141101) dOyia

where actual consumption is equal to

(' (6) o0 (8) s (671)) = (14 () — M (s (6) — s (6°°1))

Similarly, let w (Qt) be the continuation value after history #° from reporting truthfully and following
the planner’s recommended human capital strategy. Incentive compatibility requires that, after any

history 6, for all reporting and human capital strategies r and o :

(IC):w (0") =w" (0") Vr,o,6" (42)

5 0n hidden savings, see for instance Cole and Kocherlakota (2001), Werning (2002), Kocherlakota (2004), Abraham
and Pavoni (2008). On hidden persistent types, see Farhi and Werning (2013), Kapicka (2013) among others.
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The first-order approach replaces incentive constraint (42) by two local necessary conditions along
the equilibrium path. Again, the agent’s envelope condition must hold:
Ow (6 wo.t (0¢, s¢ (0° y (6 OfttL (0441160
P)_ ncl00s 00, gy gy (O] [y Tt g g
00, Wi (Gt, St (9 )) wi (975, St (9 )) 00,

(since there is no training in this subsection, ¢} (I;) denotes the derivative with respect to labor).

Second, since human capital is now unobservable, the agent’s first order condition with respect to s,
i.e., the “Euler Equation for human capital,” must also hold, which is equivalent to a zero gross wedge

Tg¢ In every period:

o 0) s ) o) = e OO, gy () (4

wi (00,5, (0%)) (01,50 (607))
+3 / My (seen (077) = 50 (0%) uppn (e (071)) £ (O |6)

The focus is again on interior solutions (see the discussion on this in subsection 3.2).

Unobservable human capital raises the challenge of guaranteeing that the first-order approach is
valid. In standard hidden savings problems, a sufficiently strong complementarity between shirking
and savings can invalidate it (Kocherlakota, 2004). But there are still many cases in which it remains
valid (see Abraham and Pavoni, 2008), and the gain in tractability from it is even larger relative to
direct approaches, as the number of potential deviations grows. The goal of this section is to highlight
analytically how optimal policies need to be adjusted relative to the observable human capital case,
in circumstances under which the first-order approach can be applied. Studying general conditions for
the validity of this approach with hidden human capital is left for future work.

The notation is as in subsection 3.3. In addition, a new endogenous state variable is introduced.

Let A® («9t) be the negative of the expected marginal cost of education in utility units:

8% (0) = = [ Ml (e (0°7) = 50 (0)) 0 (e (0°41)) 141 Oua 00 (45

A’ (Gt) captures the expected future cost reduction from an investment at time ¢, or, equivalently, at
interior solutions, the future stream of benefits from investment. The Euler Equation from (44) can

be rewritten as:

MY (e (6) = o1 (8'1)) uf (e (6)) = 211(6) 07 (1(01)) — 5" (#) (46)

wy
An additional “promise-keeping” constraint with respect to the future benefit of human capital needs

to be added to the program

s () / M (50 (6") — st (0°1)) (¢ (6) F* (9l01—1) db,

The full recursive formulation of the program is in the Appendix.
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7.1.2 The Optimal Labor Wedge with Unobservable Human Capital

With unobservable human capital, both the income tax and the savings tax will be adjusted to indirectly
provide incentives for HC accumulation. A lower labor tax and a higher capital tax can stimulate human
capital investments and mimic a positive net subsidy ¢s, which is the optimal policy when py, < 1.
The optimal formula for the labor wedge is very complicated, because distorting labor downwards
has several indirect feedback effects on unobservable human capital. First, with lower hours of work,
there is less incentive for the agent to acquire (hidden) human capital. The wage is lower, which tends
to reduce labor further. While this effect is also present with observable human capital, the planner
can no longer directly counter it by controlling human capital incentives: the realized net incentive
tst will be different than the optimal ¢}, with observable human capital in (20). The effective labor
distortion is hence larger than 71, as defined in (15) if 5 < 0. Second, the income effect from a change
in the labor distortion modifies the agent’s incentive to invest through his Euler equation for human
capital (in (46)). Finally, changing labor in one period has repercussions on future human capital
choices, through the change in the contemporaneous human capital stock, because of the nonlinear

cost of human capital M;. All these additional feedback effects of the labor distortion are summed up

for notational purposes in an adjusted labor wedge, 7,:56
Definition 3 Define the adjusted labor wedge Try:
oo _two L THel, (5 g apu (2 (e Mitin) =5 M) 1+ ep -y
L—7Fr 1—=7r0 (1—pey) & ! o w,ele (0°) (1= 7re) (1= pyse) &

2
where tg is as defined in (19) evaluated at 75 = 0; pgsy = (a;;“‘t’twt) / (%—;";) < 0; £ (0") =
FE (6%) /£ (6040,—1) is the normalized multiplier on the Euler for human capital (46).

The following proposition shows how the adjusted labor wedge is set at the optimum.

Proposition 7 i) The optimal adjusted labor wedge Try satisfies:

714 (0% p (09 ews (e (6%) 1+egf (1 B (1- Pes,t)> (48)

1= 7 (00 [P (6:l0i1) 6; & (1= pssr)

where the multiplier p (6;) can be written recursively as:

p(0%) = K" (67) +n" (6")

% The term in brackets in the definition in (47) measures how the cost side of the Euler for human capital is relaxed
or tightened. If the planner wants to stimulate human capital beyond what agents would themselves chose, then it can
be shown that ’ytE (6) < 0. The adjusted labor wedge is just a re-definition of a distortion that conveniently captures
several terms. But the formulas can of course be re-stated in terms of the 71, wedge, with the additional terms from 7r,
appearing explicitly on the right hand side.

50
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i1) Distortions at the bottom and the top are not zero: Tr, (Qt_l, @) #0, Tt (Ht_l,Q) # 0.

Formula (48) highlights the two roles that the income tax needs to fulfill with unobservable human
capital, namely to insure and redistribute income through the standard channel, but also to partially
substitute for the missing human capital subsidy. Because of the latter role, the factors which were

previously entering the optimal net human capital wedge now affect the labor wedge formula. Among

1 o (1_p95,t)
(1_pss,t)

has negative redistributive and insurance effects (py, > 1).57 The scaling factor is dampened by the

others, a new scaling factor appears, ( ) , which can be greater than 1 when human capital
labor elasticity, since by manipulating the labor wedge to indirectly provide human capital incentives,
the labor choice is also distorted, which is costlier if labor is more elastic. It is not always the case
that the optimal labor wedge should be lower when human capital is unobservable. Intuitively, this is
more likely to occur when py, is small, in which case the planner would favor a larger net subsidy on
human capital if it were observable, but agents do not factor in the full effect of their investment on
social welfare.

The (unadjusted) labor wedge 7r; will no longer be zero at the bottom and at the top with
unobservable human capital. Instead, it is the adjusted wedge 7, which is zero.

The adjusted wedge can be rewritten recursively to study its life cycle evolution, again under the

assumption that log (6;) follows the auto-regressive process given by (28), as in subsection 4.4.58

Ef L %L ing,t—l < 5? > <1 + 6?—1) (pes,t—l - pss,t—l) (1 - pss,t) u;—l (Ct—l)
. (1 - %Lt) RB Ewo,t I+ 8? (Pes,t - pss,t) (]' - pss,tfl) u;ﬁ (Ct)

1 I+ef (pes t—1 — Pss tfl) <u2—1 (thl) ~E gl 1 ) ( TLi—1 )
= ——Euh,t— ’ ’ Cov 1—737 Muy ), log (6 + —_—
R 6,t—1 & (1 — pss,tfl) w (c) ( Vi My t) g (6:) P\TC P

In addition to the familiar factors, the labor wedge evolution is now also loaded with the factors which

C
€1

would determine the evolution of the net human capital wedge ts, were human capital observable

57Because all terms in this formula are endogenous, it is not evident whether, after any given history, 71 is higher
or lower than in an equivalent world with observable human capital (i.e., a world with the same primitives, but not the
same allocations).

%8 The proof is the same as for Corollary 3, except that 71, is replaced by 7r:, and the point-wise formula is (48).
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(formula (30)). Notably, if the insurance and redistributive effects of hidden human capital grow over
time (pps, decreases), the income tax will rise more slowly (or fall more quickly) to provide the needed
stimulus for human capital. Unobservable human capital, with potentially varying redistributive im-
plications throughout life, is another element to take into account when thinking about age-dependent

taxation.

7.1.3 The Optimal Capital Wedge with Unobservable Human Capital Expenses

Unobservable human capital expenses are a hidden channel of intertemporal resource transfer, invali-
dating the standard Inverse Euler equation (in (24)). This is consistent with previous work with hidden
consumption (e.g., Townsend, 1982, Cole and Kocherlakota, 2001), or hidden preferences (Atkeson and
Lucas, 1992). The setup here is a hybrid of the observable and unobservable consumption cases, be-
cause the planner does control total financial resources allocated per period, but does not control how
these resources get split by the agent between consumption and human capital expenses. Therefore,
the agent’s standard Euler for savings or physical capital does not need to hold, but the agent’s Euler
equation for human capital (in (44)) does. This imposes a restriction on the marginal utilities across
periods. Attempting to manipulate assigned consumption in different periods carries an additional
cost for satisfying the agent’s Euler equation for human capital, because of an income effect. In this

case, a modified Inverse Euler equation applies at the optimum:%?

BR(1—AF (6") M{ (er) uf (cr)) _ /é (1= 3P0 (07) My (err1) ufy (1))
0

@) i s F7 Gralfr) - (49)

7.2 Unobservable Training Time

This subsection reintroduces training time. Suppose that training time is unobservable to the govern-
ment, but human capital expenses are observable. This is most consistent with the standard taxation
framework, as training is another type of effort, such as labor, potentially difficult to keep track of.
Expenses on tuition fees or formal education costs on the other hand are tangible, recordable transac-
tions — similar to income. Under this scenario, the net subsidy on human capital expenses is another
tool available to the government, in addition to the labor wedge and the savings wedge, to indirectly

encourage or discourage training. The following assumption simplifies the analysis in this subsection.”

Assumption 4 ¢;,, =0 Vi.

%9 The capital wedge must satisfy a “no-arbitrage” condition:

W, (1 M
(1 —7k¢) BRE; (upyq) = w: ly 43]\5[;) + BE: (Uiﬂ ]‘Zl)

The setup of the program and the general derivations are in the Appendix.
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Despite this assumption, training still affects labor supply through the wage. Recall that 77, and t;
are the optimal labor and human capital wedges when training is observable, as given in (25) and (20)
respectively.”! The relation between the optimal labor tax and the net wedge on observable expenses

is given by the following proposition.

Proposition 8 At the optimum, the deviations of the labor wedge and net human capital wedge from

their optimal levels when training is observable must satisfy the following relation:

TLt T*Lt 1 14+ E%L %
— = tet — 1 50
<1 — TLt 1—- T*Lt> (1 - pzs,t) 6% ( i St) ( )

where p,, = % is the Hicksian coefficient of complementarity between human capital and training

in the wage function.

Hence, the labor wedge and the net subsidy will both be adjusted away from their optimal levels

which would apply if training were observable. They will be modified in proportion to their effectiveness

c
€t

in affecting training time, that is, respectively, 1/7 Fev

and (1 — st,t) . This leads to a variation on
the inverse elasticity rule, in which the sharpest instrument needs to be used to indirectly provide
incentives for an unobservable choice.

Should human capital expenses be distorted additionally to take into account hidden training?
According to the above relation, in general, they should be, unless the elasticity of the wage to training
does not depend on expenses (st,t = 1). Note once more that this is different from training and
expenses being separable in the wage (p,;; = 0). The labor and human capital wedges will co-move if
P25t < 1, and move inversely otherwise. With a CES wage as in (3) with p,, = pps = p and isoelastic

disutility as in (27):

TLt T*Lt Y *
- = to —t
<1—TLt 1—72t> (1—0)(St k2

With unobservable training, the standard Inverse Euler equation from (24) holds again, since

consumption is controlled by the planner.

8 Conclusion

This paper studies optimal dynamic taxation and human capital policies over the life cycle in a dynamic
Mirrlees model with heterogeneous, stochastic, and persistent ability. Agents invest in human capital
throughout life, by either spending money or time. The government aims to provide redistribution

and insurance against adverse draws from the ability distribution. However, the government faces

"IThese are endogenous functions of the allocations, hence their values here might not coincide with the optimal ones
from the previous section.
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asymmetric information about agents’ ability — both its initial level and its stochastic evolution over
life — and about labor supply. The constrained efficient allocations were obtained using a dynamic
first order approach, and are characterized by wedges or implicit taxes and subsidies. Formulas for the
optimal labor and human capital wedges, as well as for their evolution over time are derived.

A crucial consideration for the design of optimal policies is whether human capital has overall
positive redistributive and insurance effects. If human capital subsidies stimulate labor supply, and
hence generate additional resources more than they amplify existing pre-tax inequality, they reduce
after-tax income inequality on balance. This occurs when the elasticity of the wage with respect to
ability is decreasing in human capital. In this case, the optimal net subsidy on human capital expenses
is positive and increasing over time. When considering the optimal subsidies on training time, the
additional interactions of training with both contemporaneous and future labor supply need to be
taken into account. The optimal allocations can be implemented with income contingent loans, the
repayment schedules of which depend on the full history of human capital investments and earnings.
If shocks to ability are independently and identically distributed, a Deferred Deductibility scheme, in
which part of current human capital expenses can be deducted from future years’ incomes, can also
implement the optimum.

The simulations reveal that the optimal net human capital wedges are small, which implies that
neutrality of the tax system relative to human capital expenses is close to optimal for the proposed
calibrations. In addition, simple age-dependent linear taxes and subsidies can achieve almost the entire
welfare gain from the full second-best relative to the laissez-faire outcome. Further numerical work
could shed light on whether this result remains true with different preferences, in particular with higher
risk aversion.

There are three alternative questions for which this analysis can provide some answers. First,
should the tax system preserve neutrality with respect to the choice between bequests and human
capital spending, two important ways in which parents can transfer resources to their children? The
life cycle can be reinterpreted as a dynastic household, in which parents finance their children’s human
capital, with persistence in stochastic ability, and partial or full depreciation of human capital across
generations. A reinterpretation of the optimal formulas derived here shows that the optimal subsidy on
parents’ investments in children’s human capital increases with their children’s expected labor taxes,
and decreases with the bequest tax. If the elasticity of the children’s wage with respect to ability is
decreasing in human capital, the positive redistributive and insurance effects of human capital transfers

2

on the next generation push the optimal subsidy higher.”” Second, should productivity-enhancing

"2Higher than the subsidy needed to simply guarantee tax neutrality with respect to the choice between bequests and
human capital transfers.
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investments by entrepreneurs or the self-employed be made tax-deductible? Workers in the model can
instead be viewed as entrepreneurs or self-employed, who can invest in their businesses’ productivity
through expenses for research, knowledge acquisition, or training of the workforce, generating risky
and persistent profits.”® If innovation and productivity expenses disproportionately increase risk, they
should be made less than fully deductible.” Finally, the analysis could inform the study of optimal
policies towards people’s investments in health — another type of human capital — which also involves
both time and monetary costs, as well as heterogeneity and uncertainty over life.

This theoretical research points to two important empirical explorations that could shed light on the
mechanisms behind, and the magnitudes of, the optimal policies. First, how does the complementarity
between ability and human capital change over life? In contrast to schooling or higher education, there
is little evidence on this for human capital investments later in life, such as job training. This creates
a fruitful link between optimal taxation and the long-standing empirical labor literature on this issue.
Secondly, it has not been documented entirely yet how strongly people react to current and future
expected taxes when making their human capital investment decisions. While challenging, estimating

the long-term effects of taxation on human capital accumulation appears very important.

" These productivity investments, embodied in people, are distinct from investment in physical machines or financial
assets.

™In the sense that the elasticity of business earnings to risk is increasing in innovative activity. In practice, many
expenses for the self-employed can be deducted, but there is no special category for innovation or productivity-enhancing
expenses.
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A Appendix with Proofs

A.1 Observable Human Capital

Notation:

We ¢, Ws ¢, W ¢ are the partials of the wage with respect to ability, human capital s and z respectively.
Whs,t, Whz t> Wss,t, Ws ¢ Wszt are the second order derivatives. ¢l’t and gbZ’t are the partials of the disutil-
ity with respect to labor and training respectively, and ¢, ;, ¢, ;, ¢y, the corresponding second order
derivatives. e, is the elasticity of variable x with respect to variable y, e, = dlog (x¢) /dlog (y;),
hence for instance, g, is the elasticity of the wage with respect to ability 6. When clear, the history
dependence of allocations is omitted, e.g., ¢; denotes ¢ (Gt).

Link to the Ben-Porath model in discrete time.

In the Ben-Porath model, the general accumulation process for human capital is z;41 = H (2¢, o) +
(1 —0) z; with oy the fraction of human capital reinvested into human capital acquisition and ¢ the
depreciation rate of human capital. Labor supply is equal to I; = 1 — a4, the residual time from human
capital acquisition. The rental rate of human capital w; is constant and earnings are y; = wyz¢l;. The
most general functional form used is z;11 = ,Boaf ! (oztzt)ﬁ 24+ (1 — 0) 2, so that wyay 2 is the opportunity
cost of human capital acquisition.

In this paper, a variation of this model is used, which is better adapted to a Mirrleesian analysis.
The accumulation process is simplified along some dimensions and made more complex along others.
First, instead of ay, the input into human capital is effort or time i;. i; plays the same role of a; but
has a disutility cost, potentially nonseparable from the disutility cost of labor ¢, (I,7), and not just an
opportunity cost of time. This is because, first, disutility costs from learning are empirically relevant
(see Heckman et al. 2005) and second, with observable human capital, labor would also be observable
if we only had: l; = 1 —4;. Second, the parameters are fixed so that only time, but not the previous
stock of human capital matters for the accumulation, and there is no depreciation: 8, =1 = §, and
B = § = 0. This leads to a linear accumulation process z;+1 = 2; + %;. The diminishing returns to
human capital are instead captured in the more complex rental rate for human capital, i.e., the wage,
which is heterogeneous, nonlinear, and stochastic w; = wy (6, 2¢, $¢) (and also depends on human
capital expenses).

Generalized model a la Ben-Porath: It is possible to generalize the model to feature an
accumulation process close to the one in Ben-Porath. The key change is to make the accumulation
process depend on the human capital stock. Hence, let z; = Z; (24—1,%) = z¢—1 + H¢ (2e-1,17) be a
more general production function without depreciation (which is without loss of generality). Define

the inverse function with respect to 4, Iy (2, 2t—1) = Z, L (2t—1, 2¢t). The accumulation process can be
time-dependent. Note now that with % = %g—g = %%’ the definition for the net bonus t,; is

unchanged. The same formula for the optimal bonus on training time as in (32) applies.

Derivations and proofs for Propositions (1) and (3) :

The expenditure function: ¢é(I,w — fv,4,0) defines consumption indirectly as a function of labor
[, current period utility (¢ = w — fv), training, and the current realization of the type (note that
conditional on these variables, consumption does not depend on human capital s). Then, w(f) =
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ut (c(0)) — ¢, (1(0),2(0) — 2—) + v (f) becomes redundant as a constraint, and the choice variables
are (1(0),s(0),2z(0),w(0),v(0),A(0)). Let the multipliers in program (14) be (in the order of the
constraints there) p (6), A_, and y_. The problem is solved using the optimal control approach where
the “types” play the role of the running variable, w () is the state (and w () its law of motion), and
the controls are [ (6),v (0),s(0) and A (6). The Hamiltonian is:

@
+

(1(6),0(6) ~ v (6),2(6) — =—,0) + My (5(6) — 5) — wi (6,5 (6),=(6)) L(9)) £* (010-)
K (0(6),A(6).0,5(6),2(6) ¢+ 1) £ (0)0-)

A o= 7 00-)] 41 [A -0 0) 2L )| 10) 01, 10) 2 (0) - )+ 82 0

with boundary conditions:

Yim 41 (6) = lim, 12 (6) = 0

Part i) Taking the first order conditions (hereafter, FOC) of the recursive planning problem yields
(the variable with respect to which the FOC is taken appears in brackets):

. T1(9) 1 (0) wot, . L(0) by (1(0),7(0))
Lol () (” o0, (1(0)1(0)) )

using the definitions of €, ¢* and ¢ in the text:

2O O cwo gy LTE"
1—75(0)  ft(0)0-) 0 t(c0)—

s(0)] —M{(s(@)—s_)+l(9)ws,t+%aK (”(9)’A(a)a’f&;)w)’zw)’”1)
1 (8)

. 1
= ft (9|9,) l (9) ¢l,t (l (0) 5 0 (9)) witzw&tws,t (pes,t - 1)

where: (letting @’ and s’ be the next period’s type and human capital respectively):

a(zl(;) = / M1 (s(0") = 5(0)) £+ (0'10) dO’

so that:

—M; (s(0) —s_) +1(0) wst + %/Mt/+l (s (0") —s(0)) 11 (610) a0’

__u(0) . 1
= ml (0) 914 (1(0),7(0)) w7 ot si (Pose — 1)

Use the expression for wsl; from the definition of the human capital wedge 7g; in (17) to write the

first order condition as as a function of the modified wedge ts;:

x (pt\ _ ”(et) / £\ Ewlit 1
tst (0 ) - ft (etlet—l)u (Ct (9 )) Ht (1 p@s,t)

From this, we can immediately deduce the relation between the modified wedge and the tax rate in
the text:

C
TLt €t

toy = 1 &
st (1 — TLt) ( p@s,t) 1 +€'g,
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The law of motion for the co-state p (0) comes from the first-order condition with respect to the state

variable w (0):

1 aft(0)6-) 1 . .
N :(—————F—=+ (2 010-) = (6 1
O (=g + O+ 00 L i ) £ @ =i 51)
Integrating this and using the boundary condition p (9) = 0, yields:
0 1 artee.) 1
9:/<—)\—_ >t09 52
w0 = [ (e~ 0~ 02 “ g gy ) £ 010 (52)
Integrating and using both boundary conditions yields:
0 1 .
)\:/f 0|0_) do 53
, () (016-) (53)
Using the envelope conditions 8K(U(0)’A(98)£§)(9)’z(e)’tﬂ) = X () and aK(U(o)’A(%)’AG(’;)(G)’Z(G)’t+1) = —v(0),

the first-order conditions with respect to v (6) and A (6) respectively lead to:

R )]
and 0w
A0 =25 = o) (55)

Using (53) and (55) in the expression for p (6) from (52) yields: p (6%) = & (6") +n (6") where

k(0F) = é; — (c 9# m m |

N Porte-) ,  m(0h) T af (9)6-)
”(9)“(7—)/@t 90 de‘fwt_lwt_z)%/ot oo "

where the last equality uses the lag of (55). The multiplier is replaced by the last period’s t¥,_; (re-
spectively, 77, ;) using the optimal formulas to obtain the expressions in proposition (1) (respectively,

(3))-

Part ii) The proof is immediate by inspection as long as (Gt) > 0 V¢, VA, which is now proved.

Lemma 1 Under assumption (2), p (Ht) >0 V¢, V6.

Proof of Lemma 1:
The proof is close to the one in Golosov, Tsyvinski and Troshkin (2011), for a separable utility

function and with human capital. From the envelope condition and the FOC for v () in (54):
OK RS
— =A0) = —F—

ov (6) uj (c(6))

Since by assumption v (€) is increasing in # and K () is increasing and convex in v, it must be that %—f

is increasing in 6, so that m as well is increasing in 6.
t
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Start in period ¢t = 1. In this case, since 6y has a degenerate distribution, g—gé (01]09) = 0 and

0
1 ~ -
1 (01) = / — ey A | [ (91> dbh
A E @)
Choose the 6’ such that m = A_ . Since m is increasing in 0, for @ > @', 1 (9) > 0 (integrating

over non-negative numbers only). Using the boundary condition p (8) = 0, 1 (01) can also be rewritten

as:

M(Ql):/:l _u’l(c1<51>>+)\ f1<él)dél

Since for 61 < 6, m < A_, we again have p (61) > 0. Thus, for all 61, 1 (61) > 0.

By the first-order condition for A in (55):

7 (61) _ p(61)

R3  f(6)

so that v (1) <0, for all ;. Note that u (f2) is equal to:

9 1 of (é2|91) (v_) ~

p(62) = / 7 [\ (A=) — 0 ~ f (92|91)
02 \ uly (c (92>) 1 f (92|91)
. . g(éz|91) .. . .= 1 .

Since by assu~mpt10n (2) iii), 7(G2101) is increasing in f3, and we already showed that — o) is
increasing in 0o, there is a 0/, such that

1 _of (60561)  (v-) _
uy (¢ (03)) 901 f(05]61)

and such that for 6y > 05, 1 (92) > 0 (since integrating over non-negative numbers only). Rewriting

I (02) as an integral from @ to f; and using the boundary condition § = 0, we can again show that
w(02) > 0 also for 05 < 6),. Proceeding in the same way for all periods up to 1" shows the result.

Proof that t;; = 0 when pg, = 1 without using the first-order approach:

Consider a separable wage w = s, a history #° and a perturbation of the allocation for all ¢' in a
neighborhood of 6?, |¢9t—ét| < n such that s <ét) =3 (ét) +6 and y° (ét> =y (ét) +dy (ét) such that
s (8" s(0° ~¢ y(0'
yégét; = ygé%, ie., dy (0> = 5869)
constraints unaffected. The change in the resource cost must hence be zero in this neighborhood, and
letting 7 — 0, we obtain: —% + (M| (e(0)) — £ E (M{,1 (e (¢')))) = 0, which is equivalent to ts = 0
for the multiplicative wage.

. This perturbation leaves utilities and incentive compatibility

Part iii) If 6 is iid, v_ = 0 and 5 (¢") = 0 for all ¢. In addition, if u] (¢;) = 1 V¢, then & (6") =0 as
well.

Part iv) is immediate from the boundary conditions y (6) = p (6) = 0.

Proof of Corollary (1) :
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The general formula for py, # 1 is obtained from the FOC for s, together with the definition of the

gross wedge in(17), and replacing the multiplier x (Gt) by the expression from the optimal tax formula:

TLt (Qt)

o (07) = <1 + (1= ppsy) 1350 (M =752 (07)) ll_m(gt)]
Tt (07) ]

[

7% (1 - flMtI) By (M{ 4 (se41 (0%, 0141) — 50 (6%))) [

. d T}
When py, ; = 1Vt, the expression becomes 7%, = 77, M/ _}2(1—7% (1=75) (1= Eypryer) Br (M),

equivalent to the one in the corollary.

Proof of Proposition (2):
Taking integral of /i () in equation (51) between the two boundaries, # and #, and using the
boundary conditions p (@) = 1 (0) = 0, as well as the expression for A_ from (54), lagged by one

period, yields the inverse Euler equation in (24).

Proof of Proposition (4) :
Taking the first order condition of the Hamiltonian in the proof of proposition (1) with respect to
z¢ yields:

. 1 ¢, 1 4 w
[2¢] : < L, + / S Tatrl g+l 10, + EEt ( o (O141) 9’t+1lt+1¢zz,t+1>)

u' (cr) R/ (ctq1) for(04110:) wita

11 (0¢) ( 1 1 We ¢ )
—Zraa0 5\ lgyzg — z4-1) —wpzp — 1 Wo Wy t—5 + ——L: ¢y, =0
7 (0,00:) 10 (ley 26 — 26-1) W, 0zt — Lty 1 Wo 4w w? o tPrt

Using the definition of the training time bonus, 7z; to replace for w, ;l; yields:

(bz,t

u' ()

1 ¢, 1 o\
twaply + | 2 (Oal0e) = ———— [ 720 — 7o </¢> + Py
) u' ()

RU/ (Ct+1) (]. — TLt

d
with Pz and (%) as defined in the text. The FOC then becomes:

-0 \®
(th —TLt (ul(ct)) + PZt) 1(0)

(1 —7r4) [(ﬁ(ﬁi))d - th} 1O

B 1 ( p(B)  ewos Lo, — LB, ( pl0i1)  Eworiry ” ))
[( b4 )d . t} Fr00—1) 0, T R\ L (0p4a]00) wen
W (ct) z

We can again replace the multipliers by the labor wedges, and note that

o () 2 (1~ )
t

Wy Epz,t ¢

lz,t

<lt) ¢lz,t =

wz,t¢l,t Ewz,t

to obtain formula (32).
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Proof of Corollary (3) :

The derivation of the time evolution of the labor wedge follows Farhi and Werning (2013). Take any
weighting function 7 (6) > 0 and let IT (§) denote a primitive of 7 (6) /6. Starting from the expression
of the optimal labor wedge in (25), multiply both sides of the expression by 7 (0) > 0. Integrating by
parts, yields:

TLt (et) t 01 Ef 1 m (01) _ o T (01)
/ (1 — T (et))f (et‘et—l) Ewo t 1 +5t ut( (gt)) 9t d@t —/ (9 ) Qt d@t

/H +) dfy
RS Rpu (0°") oft (00 1) 1
ut 1( (Htfl)) JF(0:-1]0:—2) 0041 JE(040:-1)
/( Rﬁ n RBTri—1 1 01 €fq Of'(04]0:-1) 1
uj

wy_y (I—Tri—1) uw_q €woe—1 1 +€¥ 4 00,1 ft(6¢]6c-1)

) F (010, -1)TL(8,) do,

) It (0410:-1) T (0;) db,d0,

where the third line uses the expression for A_ and 7_ from respectively (54) and (55) evaluated at
t — 1. The 4th line uses the optimal wedge from (25) at time ¢t — 1 to substitute for the multiplier
W (Ht_l). Using the inverse Euler Equation, yields a general formula for any stochastic process and
weighting function:

EH(( (@) 6 u;_1<c<ef-1>>w<et>> 56)

L=7pe (0%) cwoe L+l ui(c(67) O

up_q (c(0"71)) RBTLi1 0,1 & Oft (0410:-1)
_ C t—1 ( ( 7H 0 + Lt—1 t—1 t—1 / t|Vt—1 I (0,) db
o ( ug (Ct (Qt)) ( t) (1 - TLt—l) Ewh,t—1 1+ 6?_1 39t_1 ( t) i

For the particular weighting function 7 (6;) = 1 (with II (6;) = log (6;)), and with the AR(1) process

assumed for log(6;), the formula becomes as in (29).

Proof of Corollary (4):

The net wedge on human capital can be rewritten similarly as in the proof of Proposition 3, using
the same weighting function 7 (0) = 1:

bat ! " (0,]6
/u; (Ct (et))5w07t (1 _pgs7t)f ( t‘ tfl)

1 B R . o p (07 Of" (0¢10:1-1) o
/ <u2 (e (0)  w_y (e (gt—l))> f7(6¢10:—1) log (6¢) db: +Rﬂf(9t71|9t72)/ 90, log (6;) db;

where the second line uses the expression for A_ and «y_ from respectively (54) and (55) evaluated at

t — 1. Using the optimal wedge from (20) at time ¢ — 1 to substitute for the multiplier p (Ht_l) , the
boundary conditions for p (and the resulting Inverse Euler Equation), and the log AR(1) process for
0y, formula (30) in the text is obtained.

A.2 Implementation

A sequential reformulation of the recursive allocations:
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Any solution to the recursive social planner’s problem can be mapped into a solution which depends
on the full past history, using a recursive construction. To see this, denote the solutions to the recursive

problem at time ¢, for each realized type 6;, as a function of all state variables by:

Uf (’Ut—h A¢_1,84-1,0¢1, 9t) 7A? (’Ut—h A¢_1,84-1,0i1, 9t) 7w},k (’Ut—h A¢_1,84-1,0¢1, 9t) )

y,i,k (vt—la At—la St—1, 015—17 et) ) s:‘,k (vt—la At—la St—1, et—la et) ) C;; (Ut_l, At—ly St—1, 015—17 015)

and the solutions to the planner’s sequential problem by {xfg (915)} = {yZ‘ (Gt) .Sy (Qt) en (Ht)} The de-
pendence on initial promised utilities in period 1, due to initial heterogeneity, is dropped for notational
convenience; they can be just carried as an additional conditioning variable. This allocation gives rise

to a sequence of utilities for the agent, generated recursively by:

wi (0°) = (i (0')) — & (W) +5/wt+1 (0", 0141) f (O141161) dOesa
G (O) = [t (0.000) 57 (0160 dB1i

0
A (1) = / i (6001) 5 1 (B |60) B

To initialize the allocations, set wj (1) = wj (vo, Ao, S0,00,61) = U (01) (if there is initial hetero-
geneity in 61, with vg arbitrary in that case, Ag = 0), yi (1) = yi (vo, Ao, s0,00,01), s7(01) =
s3 (vo, Ao, s0,00,01), and construct iteratively the full, history dependent allocation for all histories

6! using the difference equations:

wi (0%) = wi (vig (077) AL (077) 57y (0771) 001, 00)

where v;_; and A} ; are written as functions of w;_1, i.e.,

) B 1 ) - . - *7 etfl
viaa (077) = B [wt_l (07— (s (07) + ¢t_1(wt_1 (zz_i,(SZH )(at_l)) )]
1 [owr (Y, . it a0 Owy—
310 = | P s 0 s ) e 2 )
- t—1 \S¢—1 s Ut—1 -

Construct also:

yr (0" = yi (i (0°71), A7 (67) ,siy (0771) ,6,-1)
st (0") = s (v (0771) AL (071) sy (0771) ,0i0)
 (0Y) = ¢ (v (9t_1) VA (Qt_l) »Si—1 (at_l) 01-1)

Using these sequential optimal policies in the planner’s problem we can rewrite the costs as a
function of the history, i.e., K} (9*1) = K; (vz‘_l (0’5*1) ySh_q (9’&71) ,Ht_l). or, if agents also have
heterogeneous initial wealth levels, K3 (bo, (9'571). Note that in the planner’s problem (i.e., in the direct
revelation mechanism) initial wealth holdings are irrelevant since the planner can fully observe and
allocate consumption. Since agents can borrow at the same rate as the government, without loss of
generality, agents can do all the borrowing and saving on their own. The implicit wealth levels are
then defined recursively as: %b’t“ (bo, Gt) =y} (bo,Ht) —cf (bo,Ht) - M (e,}" (bo,Ht)) +bf_ 4 (bo,Ht).
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General Deductibility Scheme
With nonlinear cost, the general expression for the deferred deductibility scheme is:

T—t

_OTy S Uiyj—1 OTpij1 M Lo Tt (e (O
_ g, ((Yeri-1 0Ty ML E o
ey j_lﬁ t( up OYitj—1 R T +h ' Ut dyr o
0Ty 0T+
N g, (Lt i) Brio1 (M) o — ==
E 5 ( ( = & ery) Brvjr (Misy) Obtyj—1  OSt4j—1

The first set of terms capture the deferred deductibility from the income tax base. Because the
marginal cost is no longer constant, the deduction in period ¢ 4 j occurs at the dynamic marginal cost
effective in that period (M}, i L Mt + 1), not at the “historic” marginal cost faced by the agent at
the time of the purchase M/, i.e., a purchase of Ae at time ¢ is deducted as (Mt’ﬂ L Mt’ﬂH)Ae
from y;y; at t + j. Otherwise, there would be arbitrage possibilities.” Similarly to the text, the
“no-arbitrage” term takes into account the differential tax increases from physical capital versus
human capital, except that now the nonlinear, risk adjusted cost (1 — §'M,7t +j) Eija (M{ +j) en-

ters the picture. The deduction is risk adjusted, as witnessed by the insurance factors, EIM,¢ 11 =

—Cov (But“ 1, Mt/+1) / (Et (% - 1) E, (Mt’_H)), defined in the text.

Uy
As stated in the text, formula (40) can be rewritten in terms of the risk-adjusted, dynamic cost:

an, u;+1 8Tt+1 8Tt+1 8T, an 1 ’ U£+1 8Tt+1 ’
- E - =M (1-Z2E )= (1-¢,, E E: (M,
e TP t( u; \ e s oy ! Ay 72 (1= huraa) B (OB uj b ¢ (Min) (58)

Solving this relation forward, yields the analogous to (57) with M.

Proof of Proposition (5)

In the first step, we construct the history-independent savings tax, in the spirit of Werning (2011),
with added human capital. Consider an incentive compatible allocation expressed as a function of the
full history ¢; (Ht), Yt (Ht), e (Gt) ,St (Ht) , and its associated continuation utility w; (Qt) , and suppose it
is implemented as the outcome of a direct revelation mechanism with no savings. Allow agents to save
any desired amount, with the restriction by > 0 (end of period T" asset level). Consider a general tax
function Ty (bt, rt) as a function of savings and the history of reports up to period ¢. Given the report
of the agent up to period ¢ — 1, and the report of the current shock, the planner assigns c; (rtfl, rt) ,
Yt (rtfl,rt), et (rtfl,rt) and the agent chooses savings b;. Let V; (bt_l,rtfl,Ht) be the continuation
value of an agent with beginning of period savings b;_1, a history of reports 7/~1, and a realized shock
0;. The agent’s problem is:

Vi (bt_l,rtfl, Gt) = m%xfft (bt—1, be,rt 7Ly, Gt)

Tt,0¢

with V; (bt—1, be, L 1y, Ht) defined as the value from saving an amount b; and reporting r:

" y(Ttilﬂ“t)
"}2 (bt 1,bt, -1 Tt,at) _ Ut (Ct (rf 1,Tt) + b1 — ( by + Tkt (bt7 Tt))) ¢t <wt(9t,8t(7"’_1,rt)))
+BE (Vg1 (be, ", 0p41) |04)

In period T" — 1, define for each type realization 67_1, current asset level by_o, history of reports

rT=1, and savings levels by_; a fictitious tax Tf(t which makes an agent just indifferent between saving

" Note that with linear cost, as in the main text, this is just (1 — 3) with 8 = % forall t < T, and 1 for t =T.
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br_1 and saving zero.

_ _ 1 _
wr—1 (9T 1) = ur—1 <CT—1 (r" ) +br_s — EbT—l — Ty (br—1,77" 1,9T—1)>

yr—1 (r"7")

—¢T*1 (wT_1 (GT—M ST—1 (TT_l))

) + BE (Vr (br—1,7" ", 07) |67-1)

Taking the sup over all types 671 yields a history-dependent, but type-independent savings tax

Ty (bT—l’rTil) = SuPg;_, T?(Tfl (bT—hrTil’ HT—l) :

By induction, suppose that in period ¢ the agent is faced with a continuation value function
Vi1 (be,7,0441). Define the tax function for period t as Ty (by,7") = supy, e (be, 7, 6;) with
Tfﬁ (bt, rt, Gt) to equate:

t
Wt (at) = U¢ (Ct (Tt) + bt—l — %bt — Tf(t (bt,rt,ﬁt)) — ¢t <’wt(zz(.;)(7“t))> +ﬁE (‘/t+1 (bt,Tt,9t+1) ‘et)

Work backwards to define the tax functions in this fashion for all periods. The sequence of tax functions
{T 'Kt (bt, rt) }tT;11 thus defined implement zero savings each period for all sequences of reports. Next,
take the supremum over all histories of reports ! to obtain a history independent tax which implements
z€ero savings.
Tk (b) = sup Tx (b, 1)
r

In the second step, we construct the loan and repayment schedule that mimics the direct mechanism
above. Note that L' can directly be mapped into a history of human capital and education levels e
(recall that sy = 0), using that e, = Mt_1 (L) Hence, (Ltfl,ytfl) and (etfl,ytfl) will be used
interchangeably. First, set implicit finite (but potentially very large) upper and lower limits on asset
holdings, b > 0 and b < 0. This can be done either by extending the proposed savings tax so that
for by > b and b, < b, Vt, it is confiscatory (e.g., tax away all wealth and imposes a large penalty on
borrowing) or by directly setting borrowing and saving limits. Let B = [Q, B].

In each period, all allocations which can arise as outcomes in the optimum are made affordable:

Dy (L ey (0071,0) .y (071,0)) + Ty (yi (01,0)) = i (071,0) —cf (6°1,0)  (59)
Li(ef (0071,0)) = M;(ef (0°1,0)) (60)

for all (L'~1,y*~1) such that 6" ' € O ({M; " (L1),..., M} (Li—1)} .,y t) # D and all 6 € ©.

To mimic the direct revelation mechanism, we need to exclude pairs (e, y:) which would not be
assigned to any type 6y in the social planner’s problem after a history 6'~!, and, consequently, exclude
histories (yt_l, et_l), which do not correspond to any history #~1. Call “non-allowed” a choice which
is not assigned in the social planner’s problem for any type 6; after history 67!, i.e., such that
(e, yt) & f;yl (Ht_l). The repayments at non-allowed levels have to be sufficiently dissuasive to make
them strictly dominated by allowed choices. Then the history of reports would exactly be tracked
by rt=1 = 971 ¢ é_yl (yt_l, et_l) , and the agent’s problem becomes equivalent to making a report
7t € © in each period, by choosing a pair (e, y;) designed for some 6; after 0'~!. We know that in this
case, the previously constructed history-independent savings tax would enforce zero savings.

There are several ways to rule out non-allowed allocations, and the goal here is just to provide a

possible one, which is to simply set the repayment prohibitively high, so that irrespective of savings, it
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is never optimal to chose such allocations. For instance, after a history '~ € @71 (eT_l, yT_l) and
for any choice (s, ;) € QF, (0"1), set

Dy (LN e, ) + Ty (wi) > [b— b+ vy

i.e., the repayment plus income tax at least confiscate income and impose an additional penalty such
that all wealth is confiscated and agents can never borrow sufficiently to retain positive consumption.”
This leaves the agent with zero consumption, and will never be chosen. More generally, arbitrarily large
repayments can be set. The second and less draconian way is to take the envelope of the repayment
schedules which, after each history, for any possible beginning of period wealth and optimal savings
choice, would make the agent just indifferent between any non-allowed allocation and his optimal
allocation.”” Whatever the method chosen, once the non-allowed choices are ruled out, each period,
after every history, the agent faces a problem equivalent in outcomes to the direct revelation mechanism,
i.e., he faces only allocations which are also available to him in the social planner’s problem after that
history. Accordingly, the savings tax ensures that he will find it optimal not to save. By temporal

incentive compatibility, he will chose the allocation designed for him.

Proof of Proposition (6) :

The proof is an extended and modified version of the proof of Proposition in Albanesi and Sleet
(2006), adding human capital. With iid shocks, the recursive formulation of the relaxed program no
longer requires the states A and 6;_1:

1

K (v,s_,t) = (c(e),l(e),i;r(lé'r)l,s(e),u(e))/ [6(9) + M (s(0) —s_)—w(,s(0))(0)+ EK (v(0),s(0),t+1)| f(0)do

subject to:

)
o (0) = Z2L1(0) ¢y, (1(0))

wt
v = /w(&) fH(16-)do
Denote by K 1% and K~ the partial inverse functions of K (v, s,t) with respect to its arguments
s and v respectively. Define the set

;y (b—,s_)={e,y:e=¢f (v,5-,0:),y =y (v,s—,6;) for some 0; € ©, with v = K=Y (b_, s_)}

to be the set of output levels y; and education levels e; which are available to an agent with promised

utility v and previous human capital level s_ in the social planner’s problem. The value function of

T*17 =, set for all e, y:

nyl)

"0To extend the repayment scheme’s domain to histories L', y*~! for which @7 ~* (e
after such histories:
Dy (Lt_ly yt_17 et,yt) + Ty (yt) > b—b+ Yt

™" A more sophisticated implementation, which smooths the repayment schedule to make it differentiable is currently

explored by the author. That implementation involves adding wealth as a conditioning variable in the repayment function.

See as well the next implementation below.
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the agent who starts a period with wealth b;_; and human capital s;_; is denoted by V; (bs—1, s¢—1), as
in the main text.

In each period ¢, the agent’s problem can be split into two stages, because of the separability
between consumption and labor. In stage 1, he chooses labor supply I; (equivalently, output y;) and
human capital expenses e;. He pays a tax T (by—1, S¢t—1, Yt, €¢) and is left with a total resource amount
b = yp — Ty (be—1, St—1,Yt,er) — M (er) + be—1. In stage 2, he chooses consumption and next-period
bond holdings, b; to maximize V;™ (b}, s;_1 + €;), the intermediate value function from resource level

b, defined as:

Vi (b, se) = max (ug (er) + BVita (b, 5t))

ct,bt

1
s.t. : b;n =c + Ebt

with V" (U7, s7) = urp (U). Denote the market outcomes by by (b, s4) and & (b, s;) . In stage 1, the

problem of the agent is:

Vi (b1, 8t-1) = max / (=1 (e (0) Jwe (0, 51 + e (0))) + Vi (b (0) , 5¢ (0))) f (0) db
{y:(0),e:(0),67"(0)} Jo
s.t. 17:71 =Yt — T; (btfla St—1, Yt, et) -M (et) + bt*1

Let the market outcomes be denoted by 4 (bi—1, St—1,0¢), € (bi—1, st—1,0:), and ZA),@” (bt—1, St—1,0¢) for
each type 0;.

In each period, the planner solves a two-stage problem as well. In the first stage, he allocates
human capital expenses e, output ¥, and an intermediate promised utility v{*. In the second stage,
he allocates consumption ¢;, and continuation utility v;. In stage 2, given an intermediate promised
utility v, and an acquired human capital level s;_1 + e; = s;, the planner solves the program with

intermediate continuation cost function K™ (v}, s¢,t):

1
K™ (v",s¢,t) = min (Ct+RK(Ut,St,t+1)>

Ct,Ut

st 1wy (ep) + P = o

with K (vr, sp, T + 1) = 0. Denote the solutions to this problem by ¢} (v}, s;) and vy (v]", s¢).
In stage 1, the problem of the planner is hence:
K (vi_1,81-1,t) = min /Me&— 0)+ K™ (v (0),si—1+e:(0),t 0) do
(ve-1, 8¢-1,1) o) o) @( (e (0)) — e (6) (v (0) , se-1 + e (0) 1)) £ (6)

st. 1 v (0) — ¢ (ye (0) Jwe (0, se—1 + e, (0)))
o (0) — ¢y (i (0) Jwi (0,501 + e (0)) V0,6

/@ (0" (6) — (0 (8) Jawr (6, 511 + €0 (6)))) £ (6) d6 = vy

Vv

Denote the solutions to the planner problem by v;™* (vi—1, St—1,0:) , €f (Vi—1, St—1,0:), and y; (ve—1, S¢—1,0¢).
In stage 2, the problem of an agent who has acquired human capital s; and who starts with

intermediate wealth b]" = K™ (v}, s4, ) is exactly the dual of the planner’s problem who has promised
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—1v

utility o = (K™)~ 5" (b, s;,t) for an agent with human capital s, (where (K™) is the partial
inverse of K™ with respect to its first argument), so that the consumption choice of the agent and
planner will coincide if mapped appropriately, i.e., é& (K™ (v, st,t),st) = ¢f (v}, s¢). Furthermore,
by (K™ (v, s¢,t) ,5¢) = K (v (V™ s4), 8¢, +1). To see this, suppose instead that there was another
pair (a, 5) £ (c*, K) such that &+ Lb = b, but which yields higher utility: u; (&) + Vi41 (13, st) >
o = (K™)~ 5V (b 54, t) Note that the choice of s, already made in the previous stage is now fixed.
Under the assumption that Vi1 (., s¢) is increasing and continuous in its first argument, and given that

ut (c) is increasing and continuous in ¢, there is also a pair (E’ , % ) such that ¢ < ¢*, b < K with one or
both of these inequalities strict and such that u; (¢) + V41 (l;, st) = v"*. But then (E’ , % ) is better
than (c*, K) in the planner’s problem and hence, (¢*, K') could not have been optimal, a contradiction.

For the first stage, consider an agent with initial wealth and human capital levels b;_1 and s;_1.

First, map the allocations from the social planner’s problem to allocations defined on the state space
(btfla St—1, 91&)1

yi (bi—1,80-1,01) = i (Kﬁl’v (bt—1,5¢-1,t) 73t—179t)
ey (bi—1,5t-1,0t) = e (Kﬁl’v (bt—1,St-1,t) , 511, 6¢)

by (be—1,50-1,0r) = K" (" (ve—1,S—1,0t) ,se—1 + €; (v4—1,5¢-1,04) , 1)

Then, set the tax level such that for all y,e € Q;y (bt—1, St-1),

Ty (b1, 8e—1,y; (bi—1,5t—1,0:) ,€f (bi—1,5:-1,0:))
= y; (be—1,8¢—1,0) — ;" (be—1,8¢-1,0¢) + b1 — My (€] (by—1, 5¢—1,64))

(that is, make all allocations consistent with an allocation in the planner’s problem just affordable).
To extend the definition of the tax function to the full domain of allocations, even those which
would not arise in the social planner’s problem, three steps are taken. First, to rule out wealth levels

b;—1 not observed along the equilibrium path, i.e., such that

b1 # K (v; 1 (071,514 (0"71) 1)

for any ', set the borrowing limits to be by_; = min, s K (v, s,t) where the min is taken over the possi-

ble values of v and s at time ¢ in the planner’s program. Second, if b;_1 = K (Uf,l (ét_l)  SFq (ét_1> ,t)

for some 8' " but St—1 F 8} (ét_l) (that is, the levels of wealth and human capital from the past

period are not mutually consistent), set the tax 7} such that, for all e, y:

Tt (btfla St—1, €t, yt) = Yt + max {btfla 0} — min {Q, O}

Finally, if the agent is on the equilibrium path with b,_; and s;_1, and letting v; 1 = K5V (by_1,84_1,1),
set Ty such that for all pairs vy, e; & Q;y (bt—1,8¢—1), and all 4

— <wt(9t,it—1+€t)) + BV (be—1 + v — Tt (be—1,Se—1, Y, e0) — My (er), Se—1 + €¢)

< —6 < Y (Vi—1,5:-1,04)
P\ wi (04, 01 + €f (vi—1,5¢-1,04))

> + v (ve—1, S¢—1,64)
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In the first stage, given the dissuasive taxes on choices which never arise in the planner’s problem,
the agent can either choose the full allocation (y; and e;) destined for some type 6, (that could be his
own true type), which will then lead him to choose also the continuation wealth optimal for that same
type, or he could choose y; optimal for some type 0% but e; optimal for some type 0%. This will however
leave him with lower value given the taxes on the off-equilibrium paths. Hence, if a type deviates, he
must deviate to the full allocation of another type. By the temporal incentive compatibility constraint,

he will choose not to do so.

A.3 Unobservable Human Capital
Proof of Proposition (7) :

A recursive formulation of the problem with unobservable human capital is:

c (0) —w; (6,5(0)) L (0)

s = mi ) )
K(U7A7A,6_75_7t)7mln/ l (q] 9)’A<9),A ();978(9)7t+1)

F(010_)do (61)

wet

w(0) = —=1(0) 6, (1(9)) + BA(9)
w(0) = ( (0) = My (s (0) = s-)) — &, (1(0)) + Bu (0)

/ 0) ' (00-)

A= /w 6ft 9‘9 (916_) do

Mi(s(6) —s-)u ( (0) = My (s(0) —s-)) =

Ws t

E410)6110) - 587 (0
s == [ (L1060 0) - 55° ) 1 6l0-)at

Wy

where the maximization is over (¢* (0),1(0),s(0),w (0),v (0),A(0),A%(0)), with A® (0) as defined in
(45).

Let ¢ (1) be the disutility of labor, ¢’ (I) and ¢" (1) its first and second order partials. The func-
tion ¢* (l,w — Bv, s,s_,0) defines assigned resources as a function of labor I, current period utility
(rewritten again as: @ = w — [v), current and beginning of period human capital levels s and s_,
and the current realization of the type. Then, with the definition ¢ (0) = ¢® (6) — M (s (0) — s—), the
constraint w (0) = u; (¢ (0)) —¢; (1(0) , 2 (0) — 2z—)+ Bv (0) becomes redundant, and the choice variables
are (1(0),s(0),w(0),v(0),A(0),A%(0)). Let the multipliers on the constraints in program (61) be
(in the order of the constraints): u (), A_, v_, v¥ () ,~+°. The corresponding Hamiltonian is:

<5a ((0),w(0) = pv(0),5(0),5-,0) —w (0,5 (0))1(0) +

%K(v 0),A(0), A® (0),0,3(9),t+1)> F£(010.)

A [o—w () £ (010-)] + _[A—www‘”")]w(e)[w“ <>¢t<<>>+m<e>}

00_ Wi
[
1 Wg. ¢

va[ [ (5.(0) — )y — ’zw)as’(zw))mm(e)}

wy

(6)) — BA* (0 )) 7t (99_)+As]

with the boundary conditions:

lim p (0) = lim () =0
0—0 6—0
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From the FOC of the agents, along the optimum, and all other choice variables of the planner held

constant: Ja® o 0) Ja Jae .
¢ ¢ ¢
—_— = = 1 — _— M/ — _ R —
dl. ' (c) wl=7r), dsy (5= se-1), dw  u}(c)
Using the three envelope conditions: aK(u(e),A(e)a,f(se()e),e,s(e),wl) = A (0), 8K(v(9)’A(039’§(56$)9)’973(0)7t+1) =

~v(0), and aK(v(e)’A(ea)ﬁ?(ge))’e’s(e)’tﬂ) = —v*(0), the FOCs for w(0), v (6), A(f), and A®(0) can be

rewritten respectively as:

E u// c t .
o (0) = 7 (616-) + g M ) - o 010-) A 016+ L) — e

. 1 FVE(G) % (e

b O] ey 5RO+ Ty o
o) (9

A A AT

E
A O] 5 07 gy + 595 = 50

Let 77 () = % and 6_y again denote the shock two periods back. Hence, the multiplier p ()
solves:

_ ? L __~E / " . Rj 3ft(93|9_) 1
n® = [ (5 (=37 @M ) ©) -3+ gt pn T p o a

Using the boundary conditions:

0

1 -

A= [ (e (1= 3 O M O () £ 010 ) .,
o \ug(c)

This equation, together withequation (62), lagged by one period, shows that the standard Inverse

Euler no longer holds and is instead as in formula (49). The FOCs for labor and human capital are

(with @ and s’ being the next period’s type and human capital).

TL(0) u) Wu,(ct)us“M,(Ct)(ws,t)( VEO) §>1+e“ 17O gy

LT 0 T T ) w 0102 e [HO10-)

SO ¢ (M (s(6) = 52) + und(0) 1 O16-) + ;[ (M (5 (6) = 5 0)) £ (018) a7 O

o () HOOLED wotns (L (4 () - 1 (010-)45) 1(0) & (L(9)) (“’) (1 pons)

Wy Wy Wy
1

+yE(0) M (s (0) — s_)u, — = /7’5 (0") My (8" (0") — s (0)) ujyq (c(67) fFH(6']0) dO' f*(6]6-)
0

Wss, tWt

where pg,; = === Using the definition of the net wedge in (19) with 7g; set identically to 0 (because
of the agent’s Euler equation), the FOC for s (6) allows to derive:

( PO s) _ tstwy o p1(0) wey (1= ppss) | we(FE (3 MY\ qutyy) — 3¢ M{'u})
ft(616-) w (cr) ws (1 - pss,t) Jr010-) w (1 - Pss,t) U, ¢ (1 Pss,t) ws by (1 —7rt)
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Using this expression into the FOC for [ (#) yields the optimal tax formula.
Proof of Proposition (8):

If training time is unobservable, but expenses are observable, another endogenous state variable is

introduced, analogous to A® in the unobservable s; case:

A® (9) =—FE (¢z,t+1)

As human capital expenses are observable, the agent’s consumption is again directly controlled by
the planner. Define the expenditure function indirectly as a function of the other choice variables:
& (1(0),w (@) —pPv(0),2(0),2-,0). The recursive program is (with multipliers in brackets after each
corresponding constraint):

K(v,A;A% 0_,s_,z_,1) (63)

_ min / G (L(0),w(0)—pv(0),z(0),2—,0)+ M (s(0) —s-)
{Lwv,s,2,M, A%} —w(0,5(0),2(0))1(6) + %K (v (0),A0),A%(0),0,s(0),2(0),t+1)

w (0) = (c(0) — ¢, (1(0),2(0) — 2-) + Bv (0)
GO =) 61, (10),2(0) = =) + BAE) [ (0)
b= /w(@) £(010-)do i
af* (0]6-)
A= /w (9) Td@ [v_]

z _ wZ,tl (9) _ z t 4
ar = [ (2, 520 @) s 000 [
1
u = il (0) 00 = BA° () v [1F (0]
With the Hamiltonian:

(E(L(0),w(0) — Bv(0),2(0),2—,0) —w, (0,5(0),2(0))1(0)) f*(6]6-)
F LK ), A00),07(0),0,5(0),2(0) £+ 1) £ (60]6)

R
A= [0 —w (6) £ (610-)] + - [A —wi0) g

| +0 @ “216) 01+ 52 0)
1 (0) [0 0) - = B 0) = 6] =07 | (1 0) 01— 68° (6)) £ 610-) + A7)

Taking the FOC with respect to z;, [; and s; (without yet making assumption 4) so as to have the
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general formulas: (recall that 6 and s', 2’ denote the subsequent period’s choices):

Y w )
[Z (0)} ’U,; (C (9)) + Z,tl (9) ft (9|07)¢zz,t
1 (0) 1 wou,
~fi(ele-) ( A “’"“_l( )‘ﬁl’tw"’th’twif w0 t)

R/<umzt+1 )ft+1 ('10) + R/ bomri
5/ <ftfl 77w ) ¢) £ (6110
_*/ ( e EZ|)9)> (wwﬂl (©) w;dnz,m) FrEl)
_ —(7 +f”(9|(g))) (wmu );qsl,t—(wz,t)?z(a)uig@ﬁwz,tlw);%J)

N ) p(0) wou 1+€?_<z vE(9))wzt1+Et 77 (9) _
W”'(u@@(@)) O e w e\ TR @) e o e O

[s(0)] : M (s(0)—s_)—1(0)wss— %/M’ (s (0") —s(0)) f (6]0) db =

_u() ) 1
ft(H\H ) ( )¢lt wetht(l_pQS,t)—i_(’yZ(e)+ft(60_)>wztwstwt ( )¢lt(pzst 1)

The FOC with respect to A% yields:

1 +F (0
- 'YZ (9) — A2 + ; ( )
SR Jr(010-)
Suppose now that assumption 4 holds. From the definition of the wedge 77; and the net wedge t,;, as

well as the formula for the optimal ¢%, in (32), and the relation in (64), the FOC for z; allows to write:

[A%(0)] : (64)

(4
[ftzettfett)l ¢3Zt R -f fygi-l 9t+1> ¢zz t+1:|

z (6:) ) [—ta + t5]
Vi1t | = — Tt 65
(1 o) = v = e 1) vt @) (=) B (1))
Combining the FOCs for [ and s ylelds:
TLt TLt wy & Z gt E (tst —t5) Wy
U] : — = — (v7 0:0:_1) + 0;)) =
] (1 T L) iy = O Odo) +af (00) = B

or, canceling terms, we obtain the expression in proposition 8. For completeness, the full expressions
for 71; and tg are:

tE(et) 1
(o — 1y = Lot = oy (Pene =) [ty O — 7 i) 6o
; (T — T
t (Pzz,t 1) ¢ (pzz,t — 1) wely (1= 7o)
TLt TLt _ o we lted ! (t5, — tor)
— < = p 2t~ bzt
(1—7e) (A—=7%,) Wzt & (pzz,t - 1) !

Eo
1+ 5%‘ 1 [%qﬁzat - % f,YtE+1 (9t+1) ézz,t+1:|
€f (pzz,t - 1) wz,tlt (1 - TLt)
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